A LEVEL Cambridge Topical Past Papers

FURTHER MATHEMATICS
MECHANICS P3

2020 — 2025

Chapter 13 Momentum And Impulse Page 1
Chapter 14 Circular Motion Page 86
Chapter 15 Equilibrium Of A Rigid Body Under Coplanar Forces Page 167
Chapter 16 Rotation Of A Rigid Body Page 237
Chapter 17 Simple Harmonic Motion Page 242
Chapter 22 Projectile Motion Page 253
Chapter 23 Linear Motion Under Variable Force Page 305
Chapter 27 HOOK'S LAW Page 349

@EXAMINENT

www.examinent.com



CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

1-(9231/31_Summer_2020_Q6)

A particle P of mass m is moving with speed u on a fixed smooth horizontal surface. The particle
strikes a fixed vertical barrier. At the instant of impact the direction of motion of P makes an angle o
with the barrier. The coefficient of restitution between P and the barrier is e. As a result of the impact,
the direction of motion of P is turned through 90°.

(a) Show that tan’a = %. [3]

The particle P loses two-thirds of its Kinetic energy in the impact.

(b) Find the value of « and the value of e. [5]

2 -(9231/32_Summer_2020_Q6)

A particle P of mass m is moving with speed u on a fixed smooth horizontal surface. The particle
strikes a fixed vertical barrier. At the instant of impact the direction of motion of P makes an angle o
with the barrier. The coefficient of restitution between P and the barrier is e. As a result of the impact,
the direction of motion of P is turned through 90°.

(a) Show that tan’ar = . 3]

The particle P loses two-thirds of its Kinetic energy in the impact.

(b) Find the value of a and the value of e. [5]

3-(9231/33_Summer_2020_Q5)

Two uniform smooth spheres A and B of equal radii each have mass m. The two spheres are each moving
with speed u on a horizontal surface when they collide. Immediately before the collision A’s direction
of motion makes an angle of «° with the line of centres, and B’s direction of motion is perpendicular to
that of A (see diagram). The coefficient of restitution between the spheres is e.

Immediately after the collision, B moves in a direction at right angles to the line of centres.

(a) Show that tana = %. [4]
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

(b) Given that tana = 2, find the speed of A after the collision. [4]

4-(9231/31_Winter_2020_Q6)

Two smooth spheres A and B have equal radii and masses m and 2m respectively. Sphere B is at rest on
a smooth horizontal floor. Sphere A is moving on the floor with velocity u and collides directly with B.
The coefficient of restitution between the spheres is e.

(a) Find, in terms of u and e, the velocities of A and B after the collision. [3]
Subsequently, B collides with a fixed vertical wall which makes an angle 6 with the direction of motion

of B, where tan0 = %

The coefficient of restitution between B and the wall is % Immediately after B collides with the wall,
the kinetic energy of A is % of the kinetic energy of B.

(b) Find the possible values of e. [7]

5-(9231/32_Winter_2020_Q2)

Two uniform smooth spheres A and B of equal radii have masses 2m and m respectively. Sphere B is
at rest on a smooth horizontal surface. Sphere A is moving on the surface with speed u and collides
with B. Immediately before the collision, the direction of motion of A makes an angle a with the line
of centres of the spheres, where tana =% (see diagram). The coefficient of restitution between the

spheres is 3.

Find the speed of A after the collision. [5]

6 - (9231/32_Winter_2020_Q4)

A particle P of mass m is moving in a horizontal circle with angular speed @ on the smooth inner
surface of a hemispherical shell of radius r. The angle between the vertical and the normal reaction of
the surface on P is 6.

(a) Show that cos6 = Lz [3]
r
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

The plane of the circular motion is at a height x above the lowest point of the shell. When the angular
speed is doubled, the plane of the motion is at a height 4x above the lowest point of the shell.

(b) Find x in terms of r. [4]

7 -(9231/33_Winter_2020_Q6)

Two smooth spheres 4 and B have equal radii and masses m and 2m respectively. Sphere B is at rest on
a smooth horizontal floor. Sphere 4 is moving on the floor with velocity « and collides directly with B.
The coefficient of restitution between the spheres is e.

(a) Find, in terms of u and e, the velocities of 4 and B after the collision. [3]

Subsequently, B collides with a fixed vertical wall which makes an angle 6 with the direction of motion
of B, where tan6 = %.

The coefficient of restitution between B and the wall is % Immediately after B collides with the wall,
the kinetic energy of 4 is 35—2 of the kinetic energy of B.

(b) Find the possible values of e. [7]

8- (9231/31_Summer_2021_Q6)

Two uniform smooth spheres A and B of equal radii each have mass m. The two spheres are each
moving with speed u on a horizontal surface when they collide. Immediately before the collision, A’s
direction of motion makes an angle a with the line of centres, and B’s direction of motion makes an
angle B with the line of centres (see diagram). The coefficient of restitution between the spheres is %
and 2cos 3 = coso.

(a) Show that the direction of motion of A after the collision is perpendicular to the line of centres.

[4]

The total kinetic energy of the spheres after the collision is %muz.

(b) Find the value of a. [4]
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

9-(9231/32_Summer_2021_Q6)

Two uniform smooth spheres A and B of equal radii each have mass m. The two spheres are each
moving with speed u on a horizontal surface when they collide. Immediately before the collision, A’s
direction of motion makes an angle o with the line of centres, and B’s direction of motion makes an
angle B with the line of centres (see diagram). The coefficient of restitution between the spheres is %
and 2cosp = cosa.

(@) Show that the direction of motion of A after the collision is perpendicular to the line of centres.

[4]
The total kinetic energy of the spheres after the collision is %muz.

(b) Find the value of . [4]

10-(9231/33_Summer_2021_Q6)

2020-2025

Two uniform smooth spheres A and B of equal radii have masses m and km respectively. Sphere A is
moving with speed u on a smooth horizontal surface when it collides with sphere B which is at rest.
Immediately before the collision, A’s direction of motion makes an angle 6 with the line of centres (see
diagram). The coefficient of restitution between the spheres is %

4ucos6
31+K)° 3]

(a) Show that the speed of B after the collision is

70% of the total kinetic energy of the spheres is lost as a result of the collision.

(b) Given that tan6 = % find the value of k. [6]
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

11-(9231/31_Winter_2021_Q2)

A particle P of mass mkg moves along a horizontal straight line with acceleration ams™2 given by

v(l—2t?
a W ) |
t
where vms ™ is the velocity of P at time ts.

(a) Find an expression for v in terms of t and an arbitrary constant. [3]

(b) Giventhata=5whent=1, find an expression, in terms of m and t, for the horizontal force acting
on P at time t. [3]

12 - (9231/31_Winter_2021_Q5)

A particle P is projected from a point O on a horizontal plane and moves freely under gravity. Its initial

speed is ums ™! and its angle of projection is sin_l(g) above the horizontal. At time 8s after projection,
P is at the point A. At time 325 after projection, P is at the point B. The direction of motion of P at B is
perpendicular to its direction of motion at A.

Find the value of u. [7]

13- (9231/31_Winter_2021_Q7)

C

The smooth vertical walls AB and CB are at right angles to each other. A particle P is moving with
speed u on a smooth horizontal floor and strikes the wall CB at an angle «. It rebounds at an angle g to
the wall CB. The particle then strikes the wall AB and rebounds at an angle y to that wall (see diagram).
The coefficient of restitution between each wall and P is e.

(a) Show that tan =etana. [3]

(b) Express y in terms of o and explain what this result means about the final direction of motion of P.

[4]
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

14 -

15-

2020-2025

As a result of the two impacts the particle loses % of its initial kinetic energy.

(c) Giventhat o+ 3 =90°, find the value of e and the value of tanc. [4]

(9231/32_Winter_2021_Q1)

A particle is projected with speed u at an angle o above the horizontal from a point O on a horizontal
plane. The particle moves freely under gravity.

(a) Write down the horizontal and vertical components of the velocity of the particle at time T after
projection. [2]

At time T after projection, the direction of motion of the particle is perpendicular to the direction of
projection.

(b) Express T in terms of u, g and o. [2]
At time T after projection, the direction of motion of the particle is perpendicular to the direction of

projection.

Express T in terms of u, g and «. [2]

(c) Deducethat T > % [1]

(9231/32_Winter_2021_Q5)

Two uniform smooth spheres A and B of equal radii have masses m and %m respectively. The two

spheres are each moving with speed u on a horizontal surface when they collide. Immediately before
the collision A’s direction of motion is along the line of centres, and B’s direction of motion makes an
angle of 60° with the line of centres (see diagram). The coefficient of restitution between the spheres

-2
|S§.

(a) Find the angle through which the direction of motion of B is deflected by the collision. [6]
(b) Find the loss in the total kinetic energy of the system as a result of the collision. [3]
6 of 396
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

16 - (9231/32_Winter_2021_Q6)

A particle P of mass 2kg moves along a horizontal straight line. The point O is a fixed point on this
line. At time ts the velocity of P is vms ™ and the displacement of P from O is xm.

A force of magnitude (Sx— 1—238) N acts on P in the direction OP. Whent =0, x =8and v = —15.
X

(@) Show that v = — %(x2 —4). [5]

(b) Find an expression for x in terms of t. [4]

17 - (9231/33_Winter_2021_Q2)

A particle P of mass mkg moves along a horizontal straight line with acceleration ams™2 given by

1—2t?
a:V( : )’

where vms ™ is the velocity of P at time ts.

(a) Find an expression for v in terms of t and an arbitrary constant. [3]

(b) Giventhata=>5whent=1, find an expression, in terms of m and t, for the horizontal force acting
on P at time t. [3]

18 - (9231/33_Winter_2021_Q5)

A particle P is projected from a point O on a horizontal plane and moves freely under gravity. Its initial

speed is ums ™ and its angle of projection is sinfl(g) above the horizontal. At time 8s after projection,
P is at the point A. At time 32s after projection, P is at the point B. The direction of motion of P at B is
perpendicular to its direction of motion at A.

Find the value of u. [7]

19 - (9231/33_Winter_2021_Q7)

A B
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

The smooth vertical walls AB and CB are at right angles to each other. A particle P is moving with
speed u on a smooth horizontal floor and strikes the wall CB at an angle «. It rebounds at an angle g to
the wall CB. The particle then strikes the wall AB and rebounds at an angle y to that wall (see diagram).
The coefficient of restitution between each wall and P is e.

(a) Show that tanp =etana. [3]

(b) Express y in terms of o and explain what this result means about the final direction of motion of P.
[4]

As a result of the two impacts the particle loses g of its initial kinetic energy.

(c) Giventhat o+ = 90°, find the value of e and the value of tanc. [4]

20 - (9231/31_Summer_2022_Q6)

21-

2020-2025

Two uniform smooth spheres A and B of equal radii have masses m and km respectively. The two
spheres are on a horizontal surface. Sphere A is travelling with speed u towards sphere B which is at
rest. The spheres collide. Immediately before the collision, the direction of motion of A makes an angle

o with the line of centres. The coefficient of restitution between the spheres is %

a) Show that the speed of B after the collision is Sucosa and find also an expression for the speed of
2(1+k

A along the line of centres after the collision, in terms of k, u and c. [4]

After the collision, the kinetic energy of A is equal to the kinetic energy of B.

(b) Given that tana = % find the possible values of k. [5]

(9231/31_Summer_2022_Q7)

Particles P and Q are projected in the same vertical plane from a point O at the top of a cliff. The
height of the cliff exceeds 50 m. Both particles move freely under gravity. Particle P is projected with

speed %ms_1 at an angle « above the horizontal, where tana = % Particle Q is projected with speed
ums™ atan angle 3 above the horizontal, where tan 8 = % Particle Q is projected one second after the

projection of particle P. The particles collide T s after the projection of particle Q.

(a) Write down expressions, in terms of T, for the horizontal displacements of P and Q from O when

they collide and hence show that 4uT = 21+v/5(T +1). [4]
(b) Find the value of T. [4]
(c) Find the horizontal and vertical displacements of the particles from O when they collide. [3]
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

22 - (9231/32_Summer_2022_Q6)

Two uniform smooth spheres A and B of equal radii have masses m and km respectively. The two
spheres are on a horizontal surface. Sphere A is travelling with speed u towards sphere B which is at
rest. The spheres collide. Immediately before the collision, the direction of motion of A makes an angle

o with the line of centres. The coefficient of restitution between the spheres is 3.

(@) Show that the speed of B after the collision is gufislg and find also an expression for the speed of
A along the line of centres after the collision, in terms of k, u and a. [4]

After the collision, the kinetic energy of A is equal to the kinetic energy of B.

(b) Given that tana = % find the possible values of k. [5]

23-(9231/32_Summer_2022_Q7)
Particles P and Q are projected in the same vertical plane from a point O at the top of a cliff. The
height of the cliff exceeds 50 m. Both particles move freely under gravity. Particle P is projected with
speed "S—ZL“:’ms_1 at an angle a above the horizontal, where tana = % Particle Q is projected with speed
ums™! at an angle 3 above the horizontal, where tan 8 = % Particle Q is projected one second after the

projection of particle P. The particles collide T s after the projection of particle Q.

(a) Write down expressions, in terms of T, for the horizontal displacements of P and Q from O when

they collide and hence show that 4uT = 21+v/5(T +1). [4]
(b) Find the value of T. [4]
(c) Find the horizontal and vertical displacements of the particles from O when they collide. [3]

24 -(9231/33_Summer_2022_Q6)

6 60°
A B

AB and BC are two fixed smooth vertical barriers on a smooth horizontal surface, with angle ABC = 60°.
A particle of mass m is moving with speed u on the surface. The particle strikes AB at an angle 6 with
AB. It then strikes BC and rebounds at an angle 8 with BC (see diagram). The coefficient of restitution
between the particle and each barrier is e and tan6 = 2.
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

The Kinetic energy of the particle after the first collision is 40% of its kinetic energy before the first

collision.
(a) Find the value of e. [4]
(b) Find the size of angle B. [4]

25-(9231/31_Winter_2022_Q4)

A particle of mass 0.5kg moves along a horizontal straight line. Its velocity is vms™ at time ts. The
forces acting on the particle are a driving force of magnitude 50 N and a resistance of magnitude 2v>N .
The initial velocity of the particle is 3ms ™.

(a) Find an expression for v in terms of t. [7]

(b) Deduce the limiting value of v. [1]

26 - (9231/31_Winter_2022_Q6)

Two uniform smooth spheres A and B of equal radii have masses m and km respectively. The two
spheres are moving on a horizontal surface with speeds u and %u respectively. Immediately before the
spheres collide, A is travelling along the line of centres, and B’s direction of motion makes an angle o
with the line of centres (see diagram). The coefficient of restitution between the spheres is % and
tana =

Nlw

After the collision, the direction of motion of B is perpendicular to the line of centres.

(a) Find the value of k. [4]
(b) Find the loss in the total kinetic energy as a result of the collision. [4]
=
o
=
=
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

27 - (9231/32_Winter_2022_Q3)

One end of a light elastic string, of natural length a and modulus of elasticity 1—Sfng, is attached to a

fixed point O. A particle P of mass 4M is attached to the other end of the string and hangs vertically in
equilibrium. Another particle of mass 2M is attached to P and the combined particle is then released

from rest. The speed of the combined particle when it has descended a distance za is v.

Find an expression for v in terms of g and a. [6]

28 - (9231/32_Winter_2022_Q7)

Two uniform smooth spheres A and B of equal radii have masses m and %m respectively. The two

spheres are moving on a horizontal surface when they collide. Immediately before the collision,
sphere A is travelling with speed u and its direction of motion makes an angle « with the line of centres.
Sphere B is travelling with speed 2u and its direction of motion makes an angle B with the line of

centres (see diagram). The coefficient of restitution between the spheres is g and o+ = 90°.

(a) Find the component of the velocity of B parallel to the line of centres after the collision, giving
your answer in terms of u and a. [4]

The direction of motion of B after the collision is parallel to the direction of motion of A before the
collision.

(b) Find the value of tanc. [5]

29 - (9231/33_Winter_2022_Q6)
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

Two uniform smooth spheres A and B of equal radii have masses m and km respectively. The two
spheres are moving on a horizontal surface with speeds u and gu respectively. Immediately before the
spheres collide, A is travelling along the line of centres, and B’s direction of motion makes an angle o
with the line of centres (see diagram). The coefficient of restitution between the spheres is % and

tana =3

4

After the collision, the direction of motion of B is perpendicular to the line of centres.

(@) Find the value of k. [4]

(b) Find the loss in the total Kinetic energy as a result of the collision. [4]

30 - (9231/31_Summer_2023_Q2)

2020-2025

A particle P of mass m is moving with speed u on a fixed smooth horizontal surface. It collides at an
angle a with a fixed smooth vertical barrier. After the collision, P moves at an angle 6 with the barrier,

where tanf = % (see diagram). The coefficient of restitution between P and the barrier is e. The particle
P loses 20% of its kinetic energy as a result of the collision.

Find the value of e. [5]

12 of 396
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

31-(9231/32_Summer_2023_Q2)

A particle P of mass m is moving with speed u on a fixed smooth horizontal surface. It collides at an
angle o with a fixed smooth vertical barrier. After the collision, P moves at an angle 6 with the barrier,

where tanf = % (see diagram). The coefficient of restitution between P and the barrier is e. The particle
P loses 20% of its Kinetic energy as a result of the collision.

Find the value of e. [5]

32 -(9231/33_Summer_2023_Q4)

Two identical smooth uniform spheres A and B each have mass m. The two spheres are moving on a
smooth horizontal surface when they collide with speeds u and 2u respectively. Immediately before the
collision, A’s direction of motion makes an angle of 30° with the line of centres, and B’s direction of
motion is perpendicular to the line of centres (see diagram). After the collision, A and B are moving in
the same direction. The coefficient of restitution between the spheres is e.

(a) Find the value of e. [5]

(b) Find the loss in the total kinetic energy of the spheres as a result of the collision. [3]
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CIE A-Level Further Mathemaics(9231)-P3

1-(9231/31_Summer_2020_Q6)

CH13 - Momentum and impulse

@ L et components of velocity (parallel to plane and perpendicular) after impact be (x, y)
y=VCoSa =eusing B1
X=VSing =ucoso Bl
. B1
Divide: tanar= Stanfa = =
etano
3
(b) v =1y B1
3
(ucosajz 1, M1
sho 3
(taner)” =3 M1
o =60° Al
1 Al
e==
3
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Further Mathemaics(9231)-P3

CH13 - Momentum and impulse

Alternative method for (b)
. : M1
KE after impact = %m(x2 +y°) =%m((ucosa:)2 +€ (usma)z)
From (a) sina=1/./(1+e) and cosar=+e/ /(1 +€) B1
2 Al
KE= 2m?| 2+ | = L
2 1+e 1+e 2
M1
Thisisequa to Ll ezl
3 2 3
tanar =+/3, o = 60° Al
5
2-(9231/32_Summer_2020_Q6)
@ L et components of velocity (parallel to plane and perpendicular) after impact be (X, y)
y=VCoSx =eusina B1
X=VsSing =ucosa Bl
B1
Divide: tana = tata = L,
etano e
3
: 25 of 396
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse
b Bl
® |, 1.
(ucosa] 1, M1
Sina 3
(tano:)2 =3 M1
o = 60° Al
1 Al
e==
3
Alternative method for (b)
. M1
KE after impact = %m(x2 +y?) :%m((ucosoc)2 +e2(usna)2)
From (a) sinez=1/,/(1+€) and cose =+/e/./(1+€) B1
1 2 Al
KE= 2me?| &+ & | = Lhue
2 l+e 1+e 2
M1
Thisisequal to Llme e=2
3 2 3
tana=\/§, a=60° Al
5
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CIE A-Level Further Mathemaics(9231)-P3

3-(9231/33_Summer_2020_Q5)

CH13 - Momentum and impulse

@ Let w be speed of A aong line of centres after collision M1
«— mw=-mucosa + musing
w-0=e(ucosa +usina) M1
Rearrange: M1
sino(u—eu)=cosa(u+eu)
Al
tna=2r° . AG
1—
4
b Bl
(b) tan05:2:>e:E
3
W_iu(i+£j_1 M1
3 V5 5) 5
Speed = (W + (usina)? M1
_ W A2 Al
=, ]—+—=u
5 5
4
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4-(9231/31_Winter_2020_Q6)

Further Mathemaics(9231)-P3

CH13 - Momentum and impulse

@ mu = mw + 2mv B1 | Momentum equation (with m)
v-w=eu B1 | Restitution with consistent signs
B1 | Both correct.
V=E(e+1)
3
u
w=—(1-2e
~(1-2¢)
3
(b) Perpendicular to plane: y=evsing B1 | Both
Parallel to plane: x=vcosé
M1 | Speed of B
4, (23Y
eed of B= {X* +y? = |V —2+(—.—J = —v
Sp y \/ ( 5) 3E ( NG )
M1
KE of B = 1 2m fu_(e+1) KEof Bintermsof u. % and 2m needed
2 59
1 u? M1A1 | Relatethetwo KEs
KEof A= —.m—(1- 2e)
29
So 1mu—(l 2e) :E.E.Zmﬂ u—(e+l)
2 9 322 59
4(1—2e)2=(e+1)2 or 15¢2-18e+3=0 M1 | Rearrange and simplify to quadratic
1+e=12(1-2e) A1l | Both values
ezi, 1
5
7
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5-(9231/32_Winter_2020_Q2)

Further Mathemaics(9231)-P3

CH13 - Momentum and impulse

Speedsv and w after collision M1 | Momentum equation with m. Correct masses, allow sin instead of
2mv+ mw= 2mucosa cos
W—V =eucosy M1 | Restitution, with consistent signs
Al
v:lucosa(Z—e):EUE(Z—EJ:EU
3 3 5 3) 3
1 \? 5 M1 | Uses correct speed perpendicular to motion
Square of speed of A= (guj +(usina)
1Y (4 Al
=|=u| +|—=u
CINED
13
eed = —u (=0.867u
Sp TRl )
5
6 - (9231/32_Winter_2020_Q4)
@) T Ncosd=mg B1
« Nsiné = nr sinfw? Bl
Bl | AG
cosé?:m so cos¢9:i2
N r
3
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse
b B1 | Using trig of situation: must involve x
) cosf=—— = —% gty
r ’r
N g M1 | Using new situation with 4x and 2@ seen
In new Situation: r —4x=r X >
4w
r—x=4(r - 4x) M1 | Combining
1 Al
X==r
5
4

7 -(9231/33_Winter_2020_Q6)

(a) mu =mw+ 2my B1 | Momentum equation (with m)
v—w=eu B1 | Restitution with consistent signs
u B1 | Both correct.
v=—(e+1)
3
u
w=—(1-2e
“(1-2¢)
3
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Further Mathemaics(9231)-P3

CH13 - Momentum and impulse

(b) Perpendicular to plane: y =evsin @ B1 | Both
Parallel to plane: x =vcosé
2 M1 | Speed of B
4 23
Speed of B= (x> +y* = V(| =) [—.—] =—v
p VX +y \/ ( 5) 33 ( 7 )
4 42 M1 i 1
KE of B= —2m—.—(e+1) KE of B in terms of u . 5 and 2m needed
59
1 2 M1 A1l | Relate the two KEs
KE of 4 = —.m.—(1—2e)
2 9
2 2

So l.m.u—(l—2e)2 =i.l.2miu—(e+l)2

2 9 32 2 59
4(1—2@)2 - (e+1)2 or 15¢2 —18¢+3=0 M1 | Rearrange and simplify to quadratic
1+e:i2(1—2e) Al | Both values

1
e=—,

5

7
% 31 of 396
EX/aMINENT



CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

8-(9231/31_Summer_2021_Q6)

@ Along line of centres, speeds v, and v, M1 | Momentum (condone missing masses).
mv, + mv, = mucosa — mucos 3
V2 _V1 :aj((mﬂ+ w) M1 | Restitution.
Both correct, masses seen. Al
v, = 0 S0 A has no speed along line of centres: moves Al | AG.
perpendicular to line of centres
4
b M1 | Both components.
®) (vzzéu cosa=ucosf ) P
KE of B after collision is %m(vz2 +(usinﬁ)2)
KE of A after collision = %m(usinoc)2
M1
Add both KEs and equate to grmu2
Simplify to equation in SN M1
. 1 o Al
sing=—, =45
V2
4
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CIE A-Level

9-(9231/32_Summer_2021_Q6)

Further Mathemaics(9231)-P3

CH13 - Momentum and impulse

@ Along line of centres, speeds v, and v, M1 | Momentum (condone missing masses).
mv; + mv, = mucosa — mucos 3
V2 _Vl:a_j(cmﬁ+ Cma) M1 | Restitution.
Both correct, masses seen. Al
v, =0 S0 A has no speed along line of centres: moves Al | AG.
perpendicular to line of centres
4
(b) v, = 1 U cosar=ucos3 ) M1 | Both components.
)
KE of B after collisionis %m(vz2 +(usin,B)2)
KE of A after collision = %m(usinoz)2
M1
Add both KEs and equate to ;rmu2
Simplify to equation in SN M1
. 1 o Al
sing=—, =45
V2
4
2020-@ 25 33 of 396
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

10-(9231/33_Summer_2021_Q6)

@ Let velocities of A and B along line of centres after collision be v, M1 | Momentum, must include m, allow cos/sin mix.
and v, .
mv, + kmv, = mucosé .
M1 | Restitution, consistent signs, correct way up.
v2—v1:lucos¢9 g yup
3
4ucosd A1l | AG shown convincingly.
Solve: V, =
2 3(1+k)
3
(b) (3—k)ucosé B1 | Or equivalent, may be unsimplified.
V= ———
Y3(1+k)
Use velocity of A with both components. Bl V12 +(u §n 9)2 seen.
1 > 1 2 o2y 3.1 5 M1 | KE after = 30% KE before (all terms present).
Ekva +§m(v1 +(using) )_EXEW MO if incorrect masses.
Substitute from part (a) and for 6. M1 | Eliminate trigonometric terms, must be KE equation, in terms of
K only.
(3_ k)Z +16k = 2(1+ k)Z, K2 —6k—7=0 M1 | Obtain simplified quadratic equation ink .
k=7 Al
6
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CIE A-Level

11 - (9231/31_Winter_2021_Q2)

Further Mathemaics(9231)-P3

CH13 - Momentum and impulse

(@

Separate variables and integrate:

M1Al

Must include logs. Condone missing modulus.

t

_ 2
%=[l 2 jdt 0 Injv|=Int-t*+c
v
|v|: Ae™ , —V= Ae™’ , v=—Ate" Al | CAO.
3
(b) —Aet (1—2tz) i M1 | Substituting their answer to part (a) into given formula
a= =—Ae" (1-2%)

t=1,a=5 (A=5e)

M1

Useinitial condition.

Force = 5me-" (Zt2 - 1)

Al

Use N2L, correct work only.

Alternative method for (b)

v(l— 2tz) M1 | Useinitial condition.
a=————- substitutet=1, a=5 so v=-5 Use N2L, correct work only.
t
Substituting in their answer to part (a) so (A=5e) M1
Force = 5me™ (2t*-1) Al
3
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

12 - (9231/31_Winter_2021_Q5)

AtA: Tusnd-8g  —ucosé M1 | Both.
ing— Al
tana=usm6 89
ucosé
AtB: Tusind-32g —ucosé M1 | Both.
ing — Al
tanﬂ:usma 329
ucosé
usin0—8gxusin9—329_ 1 B1 | Perpendicular directions, so tanaxtanf=-1.
ucosé ucosf
u? —320u+ 25600 =0 M1 | Simplify to aquadraticin u.
u=160 Al
7
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CIE A-Level

Further Mathemaics(9231)-P3

13- (9231/31_Winter_2021_Q7)

CH13 - Momentum and impulse

€) ucosa =vcosf M1
eusna =vsinf3 M1
Divide: tanf=etanx Al | AG. Must see divide OE.
3
(b) vsinB=wcosy (=eusna) M1
evcosf=wsiny (=eucose) M1
Divide: tany=1/tana: y=90°-« *Al
After second rebound, direction of motion is parallel toinitial path. DB1
4
9 M1 | Energy expression in terms of u.
© Final KE = %m((eusina)2+(eucosa)2) (: %mezuzj yew
Al
so Tmerw? =1 lme giving e=1
2 9 2 3
Part () gives tan(90— o) =etaner M1
So tanar=+/3 Al
4
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

14 - (9231/32_Winter_2021_Q1)

@ Veocity: — ucoso B1
Tusina—gT B1 | Allow 10for g. Must be T.
2
(b) ucosa _ Sina 0e M1FT | Allow missing minussign on RHS for M1.
usina—gT  cosa FT from (a).
T= U Al
gsing
2
(© _ o u Bl | AG
sina<lgiving T >—
1
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CIE A-Level

Further Mathemaics(9231)-P3

15 - (9231/32_Winter_2021_Q5)

CH13 - Momentum and impulse

@ Let speeds of A and B along line of centres after collision be v, and M1 | Momentum with masses correct.
\Z
3 3 o u
mv;, +—mv, =——mucos60°+mu | =—
2 2 4
M1 | Restitution, with consistent signson LHS.
v2—v1:—§(—uc0560°—u) (=u) g
3 v N
Vv, =—=U vV, ==Uu
2 )
: . N J3 B1
Perpendicular to line of centres, speed of B is usin60° =7 u
Direction of B is how 60° above line of centres. M1
Angle of deflection is 60°. A1FT | FT (120° —their direction of B angle)
6
b Bl
(b) KE before= ~mu? + = M2 = Sy
2 2 2 4
2 2 2 B1FT | FT only their speeds from (a)
KE after = lm E +£3_m E + @ _Zn'uz
2 2|\2 2 8
Bl
Lossin KE = gmu2
3
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

16 - (9231/32_Winter_2021_Q6)

)] dv 128 M1 | Separate variables and integrate, + ¢ not required for M 1.
v =8x-—
dx X
V2 =4x% +64x% +¢C Al | OE.
x=8,v=-15andc=-32 M1 | Useinitia condition.
V2 :i(x“ ~8x2+16) or 4% _3p,. 04 Al | Correct expression for v?, AEF.
x? X2
2 . 2 A1l | Convincingly shown, e.g. visnegative initialy, AG.
sziz(x2_4) giving v=—=(x*-4) gy 9 = y
X X
5
b 1 M1 .
®) Eln(x2 —4)=-2t(+A) Use v:% and integrate.
DM1 | Useinitia condition.
t=0, x=8, A:EInGO
2
1 (- 24 M1 | Removelog.
=In =-2t giving e
2 60
X=~/4+60e™ Al | CAO
4
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CIE A-Level

Further Mathemaics(9231)-P3

17 - (9231/33_Winter_2021_Q2)

CH13 - Momentum and impulse

@ Separate variables and integrate: M1A1l | Mustinclude logs. Condone missing modulus.
_ 2
ﬂ:[ﬂjdt s Injv|=Int—t*+c
v t
V= Atet , -v=Ae" , v=—Ae" Al | CAO.
3
(b) _Atet (1-2t?) e M1 | Substituting their answer to part (a) into given formula
a= =—Ae -
: (1-2%)
t=1 a=5 (A=5e) M1 | Useinitial condition.
Force = 5me-t (th _1) Al | Use N2L, correct work only.
Alternative method for (b)
v(l— ZtZ) M1 | Useinitial condition.
a=——— subdtitute t=1, a=5 so v=-5 Use N2L, correct work only.
t
Substituting in their answer to part (a) so (A="5e) M1
Force = 5me (22 -1) Al
3
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CIE A-Level

18 - (9231/33_Winter_2021_Q5)

Further Mathemaics(9231)-P3

CH13 - Momentum and impulse

AtA: Tusind-8g  —ucosd M1

ing— Al
tana:usme 89

ucosé
AtB: Tusind-32g —ucosé M1

ing— Al
tan :usmé? 329

ucosé
usin6—89xusin9—32g_ 1 B1 | Perpendicular directions, so tana xtan f=-1.

ucosé ucos®
u’? —320u+ 25600=0 M1 | Simplify to aquadraticin u.
u=160 Al
7
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CIE A-Level

Further Mathemaics(9231)-P3

19 - (9231/33_Winter_2021_Q7)

CH13 - Momentum and impulse

@ ucosa =vcosf M1
eusina =vsinf M1
Divide: tan f=etan Al | AG. Must see divide OE.
3
(b) vsinf=wcosy (=eusine) M1
evcosf=wsiny (=eucose) M1
Divide: tany=1/tana: y=90°-« *Al
After second rebound, direction of motion is parallel to initia path. DB1
4
© Final KE = %m((eusina)2 +(eucosa)2) (= %mezuzj M1 | Energy expression in terms of u.
So % Y2 =é><%mu2 giving e:% Al
Part () gives tan(90— ) =etanor M1
So tanar=+/3 Al
4
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

20 - (9231/31_Summer_2022_Q6)

@ Let v and w be speeds after collision: M1 | Momentum along line of centres.
MV + kmw = mucosa

1 M1 | NEL consistent signs.
W—V= Eucow

Add 1o qi 3ucosa Al | AG
ogive 2(1+k) Convincing working.
Substitute back or re-solve: A1l | Accept without modulus sign.
_|(2-k)ucosa
2(1+k)
4
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse
b B1 | For speed of A (SOI).
®) . > [(2-k)ucosa ’ ® (00
(usha)” +| ———
2(1+k)
Equal KE after collision: M1 | Equate KEs.
2 2
2-k)uco
1, 8ucosa) 1 (using)? + (2—k)ucosa
2 2(1+ k) 2 2(1+k)
. 2 2 2
[ cosa )’ = 4(1+k)*(sina)” +(2-k)*(cosa) J
Use tana = 2 M1
3

16(1+ 2k +k*) +9( 4 4k + k*) = 81k
25k? — 85k +52=0 leading to (5k —4)(5k —13)=0 M1 | Obtain quadratic and attempt to solve.

4 13 Al
k=—or —

5 5

5
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

21-(9231/31_Summer_2022_Q7)

€)] For Q: x=ucospfgT B1

For P x=3—25003a(T +1) 51

. M1 | Equate and attempt to rearrange.
Collision, so 3—25c03a(T +1)=ucosfT a P J

35 3 2 Al | AG
> E(T +1)=ux ET Shown convincingly.

4uT =21/5(T +1)

(b) Vertical motion to collision: M1A1l | M1 for both expressions, one correct.

For Q: yzusin,b’T—%gT2

For P: y=3—255ina(T +1)—%g(T +1)?

1 1 _, 35 4 1 2

Equate: ux—T —=gT*==x—(T+1)-=g(T +1

| 5 29 = (T pe )
21

14(T +1)—%g(T2 +2T +1—T2):Z(T +1)

M1 | Equate and attempt to solve

16T +36=21T + 21, 15=5T Al
T=3
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CIE A-Level

Further Mathemaics(9231)-P3

CH13 - Momentum and impulse

(© X=42 Bl
|y|=24 M1
y=-24 (or 24 mbelow O) A1l | Correct sign or in words.
3
22 -(9231/32_Summer_2022_Q6)
@ Let v and w be speeds after collision: M1 | Momentum along line of centres.
mv + kmw = mu cosa
1 M1 | NEL consistent signs.
W—V==UCosa
2
. 3ucosa Al | AG
Add to give 2(1+K) Convincing working.
Substitute back or re-solve: A1l | Accept without modulus sign.
_|(2-k)ucosa
2(1+k)
4
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

B1 | For speed of A (SOI).

b
(b) \/(usina)2+((2_k)ucosa JZ

2(1+k)

Equal KE after collision: M1 | Equate KEs.
2 2
2-k
1, 3ucosa ) 1 (using)? + (2-k)ucosa
2(1+k) 2 2(1+k)

2
[ cosa ) _4 1+ k) (sina)2+(2—k)2(c05a)1

M1
Use tana _Z
3
16(1+ 2k +k )+9(4—4k+ k2)=8u<
25k? — 85k +52 =0 leading to (5k - 4)(5k - 13) =0 M1 | Obtain quadratic and attempt to solve.
4 13 Al
kK=—or —
5 5
5
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CIE A-Level

Further Mathemaics(9231)-P3

23-(9231/32_Summer_2022_Q7)

CH13 - Momentum and impulse

€) For Q: x=ucospgT Bl
Bl
For P: x=3—25c05a(T +1)
M1 | Equate and attempt to rearrange.
Collision, so 3—25c05a(T +1)=ucos ST au P g
35 3 2 Al | AG
o E(T +1)=ux ET Shown convincingly.
4uT = 215(T +1)
4
(b) Vertical motion to collision: M1 A1 | M1 for both expressions, one correct.
For Q: y=usin/fT—%gT2
For P: y=3—253ina(T+1)—%g(T +1)?
M1 | Equat d att t t I
Equate: u><iT—lgT2=§><E(T+l)—£g(T+l)2 quate and attempt o solve
J5 2 25 2
1 /s o 21
14(T+1)-Zg(T?+2T +1-T ):—(T+1)
2 4
16T +36=21T + 21, 15=5T Al
T=3
4
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

(0) X=42 Bl
|Y|=24 M1

y=-24 (or 24 mbelow O) A1l | Correct sign or in words.
3

24 -(9231/33_Summer_2022_Q6)

@ Let v be speed of rebound from 1% collision: B1 | Energy loss.
Energy loss: I =Z><Emu2, V=2
2 5 2 5

VCOSa = ucosé B1 | Both.
vSina =eusind

. . ) o
Combine to form equation in e only M1|2_ (ucosd )’ +(eusing)
21 , 4
—=—+€"x—
5 5 5
1 Al
e==
2
4
=
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse
(b tana =etanf , o0 tana =1, o =45° Bl
For 2" collision M1 | Both.
wcos 3 =vcos(180- 60— a) May be implied by the A1.
wsin 4 =evsin(180—- 60— )
tan 3 = etan (120 — their ) M1 | Dividetofind .
£ =61.8° Al
4
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

25-(9231/31_Winter_2022_Q4)

(a) dv ) dv B1 | N2L

ma:SO—Zv 5_4(25—%)

1 | 1 N 1 dv = [ 4dt M1 | Separate variables and use partial fractions.

10 5—-v 5+v
1 M1 Al | Integrate into log terms.
E(—ln(S —V)+In(5 +V)) =4+ A (Note: formula on MF19).

M1 | Use initial condition.
Use t=0,v=3 to give A:%m 5¢ tnitlal condition

1 5+v . S5+v 40t M1 | Rearrange to make Vv the subject.
t =—In———— leading to =e
10 4(5-v) 20—4v
5 ( 4 — 40t ) Al
= 44"
7
(b) As t >o0,v—>5 B1
1
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CIE A-Level

26 - (9231/31_Winter_2022_Q6)

Further Mathemaics(9231)-P3

CH13 - Momentum and impulse

(a) Let speed of A after collision be —V, and speed of B M1
perpendicular to line of centres be ¥ v
Along line of centres: mu— kmgu cosa =mv, Momentum.
5 M1 | NEL
NEL: 0-v, =¢ gu cosa +U
5 2(5 M1 | Solve.
So u—=kucosa=——=| =U cosa+Uu
8 3(8
Substitute for cos, to give k=4 Al
4
(b) , Bl
Vg =—Usina = =U . . .
BT Velocity perpendicular to line of centres
Vy=-U B1FT
1 1 5V 1 25 41 M1 | NOTE: KE before and after for A is unchanged.
KE before = —mu® + —km| Zu | =—mu*+==mu* = —mu’
2 2 8 2 32 32
1 1 1 9 25 Both
KE after = —mv,> + —kmvg” = —mu* +2m—u’ = =—mu’
2 2 2 64 32
Al
Loss = mu? M2 :l :
32 32 2
4
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

27 - (9231/32_Winter_2022_Q3)

B1
16 Mge 3
In equilibrium, =4Mg, e= Z a
In subsequent motion, M1 | Energy equation with GPE and KE terms correct and at least one
Loss in GPE = gain in EPE + gain in KE EPE term.
Dimensionally correct.
2 Bl | EPE correct.
o LM e (22| Lo
4 23 a 4 2 Al | All correct.
3Mga _ 8Mg ‘laz LIMV ete M1 | Attempt to find v in terms of a and g.
2 3a 16
Al
9 _3p =11/ga
3 3
6
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

28 - (9231/32_Winter_2022_Q7)

(a) Let v,w be speeds of A and B along line of centres after collision M1

1 1
mv + 3 mw=mucosa — 5 m.2u cos S Momentum: masses correct, opposite signs on RHS.

w—-v=e(2ucos f+Ucosx) M1 | NEL: LHS signs must be consistent with momentum equation,
same sign for both terms on RHS.

a+ f=90° socos f=sina M1 | Solve to find an expression of the correct form.
Use this fact and solve to find w

2 (1. 13 Al
W==U| —sina +—cosa
3 \4 8
4
(b) Perpendicular to line of centres, speed of B is Bl
2usin f=2Ucosx
After, velocity of B makes angle a with line of centres, so Bl
2ucosa
tang =————
w
sina 2ucosa M1* | Obtain homogeneous equation in cos and sin or an equation in tan

= giving
cosa 2 (1. 13
—u| =sina+—cos«
3 \4 8

> 1, o 13 . DML1 | Obtain quadratic and solve to find values of tanc
3(cosar)” = Z(sma) +§s1nacosa

2(tanar)’ +13tana —24=0, (2tanc —3)(tana +8) =0

3 Al
tana =—
2
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

29 -(9231/33_Winter_2022_Q6)

(a) Let speed of A after collision be — Vv, and speed of B M1
perpendicular to line of centres be ¥ v
Along line of centres: mu — kméu cosa =Mmv, Momentum.
5 M1 | NEL
NEL: 0-v, =¢ gu cosa +U
5 2(5 M1 | Solve.
So u—=kucosa@=—=| =U cosax +U
8 3(8
Substitute for cos, to give k=4 Al
4
(b) 5 .3 B1
Vg =gusma = 2 Velocity perpendicular to line of centres
Vy=-U B1FT
2 M1 | NOTE: KE before and after for A is unchanged.
KE before = 1-mu? +lkm(§uj e s B oM
1 2 12 8 1 2 32 y 32 Both.
KE after = —mv,* + —kmv,*> = —mu’ + om2u? =2
2 2 64 32
Al
Loss = mu? H_2 =l 2
32 32 2
4
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CIE A-Level

Further Mathemaics(9231)-P3

30-(9231/31_Summer_2023_Q2)

CH13 - Momentum and impulse

Parallel to wall VC0SH = UCoSa M1 | Both
Perpendicular towall vsind=eusina
s Al | AEF
Dividing, e=
2tana
KE reduced by 20%, so %muz(cosza+ezsin2a) :%X%rmz M1 | Dimensionaly correct equationin u or v, but not
both. Must have either o or @, but not both.
Must see 15‘ on the correct side of the equation.
L 4 Al
Eliminate e cosazg
2 Al
e=—
3
Alter native method
Parallel to wall VCOSH = ucosa M1 | Both
Perpendicular towall  vsind=eusina
Al
sn(0) =5, cos(g) = 25 ()= ycos(a) = 2/
5 5e 5
s o o _— 4% VP Al Ve 1
u“=|u‘cos’(a)+usin“(a)|=—+— AEF, eq. —| 4+—
I: ( ) ( ):| 5 5e2 g 5 e2
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

1, [4 1 , 72 V2 1 M1 | Dimensionally correct equationin v.
> =[g><§m“ =}gm—(4+gj Must have either « or €, but not both.
Must seeg or % on the correct side of the
equation.
2 Al
e=—
3
5
31-(9231/32_Summer_2023_Q2)
Parallel to wall VCOSH = ucosa M1 | Both
Perpendicular towal vsind=eusina
- Al | AEF
Dividing, e=
2tana
KE reduced by 20%, o %rruz(cosza+ezsin2 a) =gx%mu2 M1 | Dimensionally correct equationin u or v, but not
both. Must have either « or @, but not both.
Must see g on the correct side of the equation.
_— 4 Al
Eliminate e cosa =§
2 Al
e=—
3
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CIE A-Level

Further Mathemaics(9231)-P3

CH13 - Momentum and impulse

Alternative method

Parallel to wall VC0SH = ucosa M1 | Both
Perpendicular towall  vsind=eusina
Al
sin(&):ﬁ, cos(@):z—\/g usin(a):ﬂ, ucos(a)= 25y
5 5 5e 5
2 2.2 20522 VGRS Al Ve 1
u°=|u-cos (a)+usn“(a)|=—+— AEF, eq. —| 4+—
I: ( ) ( )] 5  5e? 9 5 e?
1, [4 1 , (2 V 1 M1 | Dimensionaly correct equationin v.
Em\’ =[gx§mu :}gmg(dﬁgJ Must have either « or @, but not both.
Must see g or é on the correct side of the
equation.
2 Al
e:_
3
5
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CIE A-Level Further Mathemaics(9231)-P3 CH13 - Momentum and impulse

32 - (9231/33_Summer_2023_Q4)

@ Let speeds of A and B along line of centres after collision be Va4 and Vg M1 | Allow sign errors, allow missing m.
V, +Vg =ucos30° (1)
-V, +Vg =eucos30° (2) M1 | Signson LHS must be consistent with (1).
Speeds perpendicular to line of centres after collision are usin30° and 2u B1 | SOI
Vg =4
Moving in same direction, so _V—Azﬁ (3) B A
usin30° 2u
Use V; =4V, in(1): 5V, =ucos30° M1 | A complete method to find equation in e only
From (2): 3V, =eucos30° then
Combine to find equation in e only.
3
e= Al
® Alternative method for (a)
Let speeds of A and B along line of centres after collision be Va and Vg M1
V, +Vg =ucos30° (1) Allow sign errors, allow missing m.
-V, +Vg =eucos30° (2) M1 | Signson LHS must be consistent with (1).
Speeds perpendicular to line of centres after collision are usin30° and 2u B1 | SOI
Vg =4V
Moving in same direction, so _V—Azﬁ (3) B A
usin30° 2u
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CIE A-Level

Further Mathemaics(9231)-P3

CH13 - Momentum and impulse

M1
C) Solve (1) and (2): V, = %u(l— e)cos30°, Vg = %u(1+ e)cos30° Note: V, = %\/ﬁ Vg = %\@
Substitute in (3) to find equation in eonly .
5
(b 1 a2 1 ) B1 | Correct expression for KE for one of the spheres,
KE after = om V2 + (Ej tom (2u)”+Vg) after collision, with both components.
Bl
KE for A after = ——mu? or KE for B after = 22 mu? Implied by total KE after = e
50 25 50
or KE lossfor A = > mu? or KE gain for B = 5 e
25 25
. 3 2 Bl 1 2 .
Total lossinKE = =m Term Em(Zu) may be omitted from KE of B
before and after.
3
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