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3 - (9231/13_Summer_2020_Q1 )

2 - (9231/12_Summer_2020_Q2 )

1 - (9231/11_Summer_2020_Q2 )

 
The cubic equation x px x6 3 5 03 2+ - - = , where p is a constant, has roots a, b, c.

 (a) Find a cubic equation whose roots are 2a , 2b , 2c . [3]

 (b) It is given that ( )22 2 2a b c a b c+ + = + + .

  (i) Find the value of p. [3]

  (ii) Find the value of 3 3 3a b c+ + . [2]

The cubic equation x px x6 3 5 03 2+ - - = , where p is a constant, has roots a, b, c.

 (a) Find a cubic equation whose roots are 2a , 2b , 2c . [3]

 (b) It is given that ( )22 2 2a b c a b c+ + = + + .

  (i) Find the value of p. [3]

  (ii) Find the value of 3 3 3a b c+ + . [2]

The cubic equation x x x7 3 5 1 03 2+ + + =  has roots a, b, c.

 (a) Find a cubic equation whose roots are , ,1 1 1a b c- - - . [3]

 (b) Find the value of 2 2 2a b c+ +- - - . [2]

 (c) Find the value of 3 3 3a b c+ +- - - . [2]
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6 - (9231/13_Winter_2020_Q3 )

5 - (9231/12_Winter_2020_Q1 )

4 - (9231/11_Winter_2020_Q3 )

The cubic equation x cx 1 03 + + = , where c is a constant, has roots a, b, c.

 (a) Find a cubic equation whose roots are 3a , 3b , 3c [3].

 (b) Show that c3 26 6 6 3a b c+ + = - [3].

 (c) Find the real value of c for which the matrix 
1

1
1

3

3

3

3

3

3a

b

a

c

b

c pf  is singular. [5]

The cubic equation x bx cx d 03 2+ + + = , where b, c and d are constants, has roots a, b, c. It is given 
that 1abc =- .

 (a) State the value of d. [1]

 (b) Find a cubic equation, with coefficients in terms of b and c, whose roots are 1a+ , 1b+ , 1c+ .
 [3]

 (c) Given also that 1 1c a+ =- - , deduce that ( ) ( )c b b b c2 3 3- + - = - . [4]

The cubic equation x cx 1 03 + + = , where c is a constant, has roots a, b, c.

 (a) Find a cubic equation whose roots are 3a , 3b , 3c . [3]

 (b) Show that c3 26 6 6 3a b c+ + = - . [3]

 (c) Find the real value of c for which the matrix 
1

1
1

3

3

3

3

3

3a

b

a

c

b

cf p is singular. [5]
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9 - (9231/13_Summer_2021_Q2 )

8 - (9231/12_Summer_2021_Q3 )

7 - (9231/11_Summer_2021_Q3 )

The equation x x2 1 04 3- - =  has roots a , b , c , d .

 (a) Find a quartic equation whose roots are 3a , 3b , 3c , 3d  and state the value of 3 3 3 3a b c d+ + + . 
 [4]

 (b) Find the value of 1 1 1 1
3 3 3 3ba dc
+ + + [3].

 (c) Find the value of 4 4 4 4a b c d+ + + [2].

The equation x x2 1 04 3- - =  has roots a , b , c , d .

 (a) Find a quartic equation whose roots are 3a , 3b , 3c , 3d  and state the value of 3 3 3 3a b c d+ + + . 
 [4]

 (b) Find the value of 1 1 1 1
3 3 3 3ba dc
+ + + [3].

 (c) Find the value of 4 4 4 4a b c d+ + + . [2]

The cubic equation x x2 4 3 03 2- + =  has roots a , b , c . Let Sn
n n na b c= + + . 

 (a) State the value of S1  and find the value of S2 . [3]

 (b) (i) Express Sn 3+  in terms of Sn 2+  and Sn .  [1]

  (ii) Hence, or otherwise, find the value of S4 . [2]

 (c) Use the substitution y S x1= - , where S1  is the numerical value found in part (a), to find and 
simplify an equation whose roots are a b+ , b c+ , c a+ . [3]

 (d) Find the value of 1 1 1
a b b c c a+

+
+ +
+ . [2]
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12 - (9231/13_Winter_2021_Q1 )

11 - (9231/12_Winter_2021_Q4 )

10 - (9231/11_Winter_2021_Q1 )

It is given that

3a b c+ + = , 52 2 2a b c+ + = , 63 3 3a b c+ + = .

 The cubic equation x bx cx d 03 2+ + + =  has roots a , b , c .

 Find the values of b, c and d. [6]

The cubic equation x x x2 3 3 03 2+ + + =  has roots a , b , c .

 (a) Find the value of 2 2 2a b c+ + . [2]  

 (b) Show that 13 3 3a b c+ + = . [2]

 (c) Use standard results from the list of formulae (MF19) to show that

  ) ( ) ( ) ( )( r r r n n n an bn c1
r

n

4
1 2

1

3 3 3a b c+ + + = + + + ++ +
=

` `j j/ ,
 

  where a, b and c are constants to be determined. [6]

It is given that

3a b c+ + = , 52 2 2a b c+ + = , 63 3 3a b c+ + = .

 The cubic equation x bx cx d 03 2+ + + =  has roots a , b , c .

 Find the values of b, c and d. [6]
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15 - (9231/11_Winter_2022_Q1 )

14 - (9231/12_Summer_2022_Q4)

13 - (9231/11_Summer_2022_Q4 )

The cubic equation x x2 5 6 03 2+ - =  has roots a, b, c.

 (a) Find a cubic equation whose roots are 1
3a
, 1

3b
, 1

3c
. [3]

 (b) Find the value of 1 1 1
6 6 6ba c
+ + [3].

 (c) Find also the value of 1 1 1
9 9 9ba c
+ + [2].

The cubic equation x x2 5 6 03 2+ - =  has roots a, b, c.

 (a) Find a cubic equation whose roots are 1
3a
, 1

3b
, 1

3c
. [3]

 (b) Find the value of 1 1 1
6 6 6ba c
+ + [3].

 (c) Find also the value of 1 1 1
9 9 9a b c
+ + . [2]

The cubic equation x bx d 03 2+ + =  has roots a, b, c, where a b=  and d 0! .

 (a) Show that b d4 27 03 + = . [5]

 (b) Given that b2 32 2a c+ = , find the values of b and d. [3]
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18 - (9231/11_Summer_2023_Q2 )

17 - (9231/13_Winter_2022_Q1 )

16 - (9231/12_Winter_2022_Q2 )

The equation x x x3 2 6 04 2+ + + =  has roots , , ,a b c d .

 (a) Find a quartic equation whose roots are , , ,1 1 1 1
2 2 2 2a b c d

 and state the value of 1 1 1 1
2 2 2 2a b c d
+ + + .

 [4]

 (b) Find the value of 2 2 2 2 2 2 2 2 2 2 22b c d a c d a b d a b c+ ++ . [3]

 (c) Find the value of 1 1 1 1
4 4 4 4ba dc
+ + + [2].

The cubic equation x bx d 03 2+ + =  has roots a, b, c, where a b=  and d 0! .

 (a) Show that b d4 27 03 + = . [5]

 (b) Given that b2 32 2a c+ = , find the values of b and d. [3]

 The cubic equation x x x4 6 1 03 2+ + + =  has roots a , b , c .

 (a) Find the value of 2 2 2a b c+ + . [2]  

 (b) Use standard results from the list of formulae (MF19) to show that

  ( ) ( ) ( ) ( )r r r n n an b
r

n
2

1

2 2 2a b c+ + + + + = + +
=

` j/ ,

  where a and b are constants to be determined. [6]
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21 - (9231/13_Summer_2023_Q7 )

20 - (9231/13_Summer_2023_Q3 )

19 - (9231/12_Summer_2023_Q2 )

 The cubic equation x x x4 6 1 03 2+ + + =  has roots a , b , c .

 (a) Find the value of 2 2 2a b c+ + . [2]  

 (b) Use standard results from the list of formulae (MF19) to show that

  ( ) ( ) ( ) ( )r r r n n an b
r

n
2

1

2 2 2a b c+ + + + + = + +
=

` j/ ,

  where a and b are constants to be determined. [6]

The equation x x x2 5 04 2- + + =  has roots , , , .a b c d

 (a) Find a quartic equation whose roots are , , ,2 2 2 2a b c d  and state the value of 2 2 2 2a b c d+ + + .
 [4]

 (b) Find the value of 1 1 1 1
2 2 2 2ba dc
+ + + [3].

 (c) Find the value of .4 4 4 4a b c d+ + +  [2]

The curve C has equation y x
x x

3
2 12

=
-
+ + .

 (a) Find the equations of the asymptotes of C. [3]

 (b) Find the coordinates of the turning points on C. [3]

 (c) Sketch C. [3]

 (d) Sketch the curves with equations y x
x x

3
2 12

=
-
+ +  and y x

x x
3

2 12
2

=
-
+ +  on a single diagram, 

clearly identifying each curve. [4]
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24 - (9231/13_Winter_2023_Q3 )

23 - (9231/12_Winter_2023_Q4 )

22 - (9231/11_Winter_2023_Q3 )

The quartic equation x bx cx dx 2 04 3 2+ + + - =  has roots a, b, c, d. It is given that

,3a b c d+ + + = ,52 2 2 2a b c d+ + + = .61 1 1 1a b c d+ + + =- - - -

 (a) Find the values of b, c and d [6].

 (b) Given also that 3 3 3 3a b c d+ + + = 27- , find the value of 4 4 4 4a b c d+ + + . [2]

The cubic equation x x x27 18 6 1 03 2+ + - =  has roots a , b , c .

 (a) Show that a cubic equation with roots 3 1a+ , 3 1b+ , 3 1c+  is 

 y y y 2 03 2- + - = [3].

 The sum ( ) ( ) ( )3 1 3 1 3 1n n na b c+ + ++ +  is denoted by Sn . 

 (b) Find the values of S2  and S3 [4].

 (c) Find the values of S 1-  and S 2-  . [3]

The quartic equation x bx cx dx 2 04 3 2+ + + - =  has roots a, b, c, d. It is given that

,3a b c d+ + + = ,52 2 2 2a b c d+ + + = .61 1 1 1a b c d+ + + =- - - -

 (a) Find the values of b, c and d. [6]

 (b) Given also that 3 3 3 3a b c d+ + + = 27- , find the value of 4 4 4 4a b c d+ + + . [2]
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27 - (9231/13_Summer_2024_Q2 )

26 - (9231/12_Summer_2024_Q1 )

25 - (9231/11_Summer_2024_Q1 )

The cubic equation x x xp2 5 03 2+ - - = , where p is a positive constant, has roots , ,a b c .

 (a) State, in terms of p, the value of ab bc ca+ +

 (b) Find the value of 2 22a bc ab c abc+ + [2].

 (c) Deduce a cubic equation whose roots are , ,ab bc ac . [1]

 (d) Given that 2 2 2
3
1a b c+ + = , find the value of p. [2]

[1].

The cubic equation x x xp2 5 03 2+ - - = , where p is a positive constant, has roots , ,a b c .

 (a) State, in terms of p, the value of ab bc ca+ +

 (b) Find the value of 2 22a bc ab c abc+ + [2].

 (c) Deduce a cubic equation whose roots are , ,ab bc ac . [1]

 (d) Given that 2 2 2
3
1a b c+ + = , find the value of p. [2]

[1].

The cubic equation x x x2 3 1 0
3 2
+ + + =  has roots a, b, c.

 (a) Find a cubic equation whose roots are , ,1 1 1
2 2 2a b c+ + + . [3]

 (b) Find the value of 1 1 1
2

2
2

2
2

2

a b c+ + + + +` ` `j j j . [2]

 

 (c) Find the value of 1 1 1
2 2 2

3 33

a b c+ + + + +` ` `j j j . [2]
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30 - (9231/13_Winter_2024_Q3 )

29 - (9231/12_Winter_2024_Q3 )

28 - (9231/11_Winter_2024_Q3 )

 The quartic equation x x2 1 04 3+ - =  has roots , , ,a b c d .
 (a) Find a quartic equation whose roots are , , ,4 4 4 4a b c d  and state the value of 4 4 4 4a b c d+ + + . [5]
 (b) Find the value of 5 5 55a b c d+ + + . [3]

 (c) Find the value of 8 8 8 8a b c d+ + + . [2]

 It is given that
,
,
.

2
3
4

2 2 2 2
3 3 3 3

a b c d
a b c d
a b c d

+ + + =
+ + + =
+ + + =

 (a) Find the value of ab ac ad bc bd cd+ + + + + . [2] 

 (b) Find the value of 2 2 2 2 2 2 2 2 2 2 2 2a b a c a d b a b c b d c a c b c d d a d b d c+ + + + + + ++ + + + . [3]

 (c) It is given that a , b , c , d  are the roots of the equation 
x x x x6 12 3 2 6 04 3 2- + + + = .

  (i) Find the value of 4 4 4 4a b c d+ + + . [3]
(ii) Find the value of  5 5 5 5a b c d+ + + . [2]

The quartic equation x x2 1 04 3+ - =  has roots , , ,a b c d .
 (a) Find a quartic equation whose roots are , , ,4 4 4 4a b c d  and state the value of 4 4 4 4a b c d+ + + . [5]
 (b) Find the value of 5 5 55a b c d+ + + . [3]

 (c) Find the value of 8 8 8 8a b c d+ + + . [2]
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33 - (9231/23_Winter_2024_Q1)

32 - (9231/22_Winter_2024_Q4)

 

    
31 - (9231/21_Winter_2024_Q4)

The matrix A is given by

A 11016
121

8013= -
- -f p.

 (a) Show that 111f p is an eigenvector of A and state the corresponding eigenvalue. [2]

 (b) Show that the characteristic equation of A is 19 30 03m m- - =  and hence find the other eigenvalues of A. [3]

 (c) Use the characteristic equation of A to find A 1- . [4]

 (a) Use de Moivre’s theorem to show that
cot cot cot cotcot cot cot6 6 20 615 15 15 3

6 4 2i i i i
i i i= - +- + - . [6]

 (b) Hence obtain the roots of the equation
x x x x x x6 15 20 15 6 1 06 5 4 3 2- - + + - - =

  in the form r( )cot q , where q is a rational number. [4]

Find the set of values of k for which the system of equations
,
,
,

x y z
kx y z
x y z

5 6 1
2 2 2

3 4 8 3
+ + =
+ + =

- + + =
 has a unique solution and interpret this situation geometrically.  [4]
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A 11016
121

8013= -
- -f p.

 (a) Show that 111f p is an eigenvector of A and state the corresponding eigenvalue. [2]

    
34- (9231/23_Winter_2024_Q4)

The matrix A is given by

 
(b) Show that the characteristic equation of A is 19 30 03m m- - =  and hence find the other eigenvalues of A. [3]

(c) Use the characteristic equation of A to find A 1- . [4]

 36- (9231/12_Summer_2025_Q2 )

   [3] 

   [2]

  

35  - (9231/11_Summer_2025_Q2 )

The cubic equation  x  x3  +  +2  1  =  0  has roots  a,  b,  c.
(a)  Find a cubic equation whose roots are  a3  -  1,  b3  -  ,1  c3  -  1.

(b)  Find the value of  3  31  12  2  3  1  2  `  `a  b-  +  -  +j  j  `c  -  j  .

(c)  Find the value of  3  31  13  3  3  1  3  `  `a  b-  +  -  +j  j  `c  -  j  . [2] 

 The cubic equation x x2 1 03 + + =  has roots a, b, c.
 (a) Find a cubic equation whose roots are 13a - , 13b - , 13c - . [3] 
 (b) Find the value of 1 1 13 3 2 3 22a b c- + - + -` ` `j j j . [2]

 (c) Find the value of 1 1 13 3 33 3 3a b c- + - + -` ` `j j j . [2] 
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   [2]

   [2]

 

37  - (9231/13_Summer_2025_Q3 )

The quartic equation  x  x4  2+  +7  3x  +  =22  0  has roots  a  b  c  d .,  ,  ,
(a)  Find the value of  a  b  c  d2  2+  +  2  2+  .

(b)  Find the value of  a  b  c  d4  4+  +  4  4+  .

(c)  Use standard results from the list of formulae  (MF19) to find the value of/10  b̀  `a  +  +  +  +  +  +2  rj  j2  b  c2  r  r2  `  `2  j  j2  d2  +  r  l2  .
r  =1

 [5]

 38- (9231/14_Summer_2025_Q4 )

 The cubic equation x bx cx 1 03 2+ + - = , where b and c are constants, has roots a, b, c.

 It is given that the matrix 1 1 1a
b

a
c

b
cpf  is singular.

 (a) Show that 32 2 2a b c+ + = . [4]
(b) It is given that 33 3 3a b c+ + =  and that the constants b and c are positive. 

Find the values of b and c. [6]

 40- (9231/23_Summer_2025_Q5)

39- (9231/21_Summer_2025_Q1)

Find the roots of the equation z 27 27i3 = - , giving your answers in the form reii , where r 02  and r r1G i- . [5]

 (a) Use de Moivre’s theorem to show that
    sec sec secsec5 5 20 164 2

5i i i
i= - + . [6]

 (b) Hence, obtain the roots of the equation
x x x13 0 40 32 05 4 2- + - =

  in the form r( )sec q , where q is rational. [4]
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     [5]

 

 41- (9231/24_Summer_2025_Q5)

(a)  Use de Moivre’s theorem to show that
sin  s7  6i  i=-  4  112  56  7in7  5+  -sin  si  iin3  +  sin  i.

(b)  Hence find all roots of the equation
64  112  56x  x6  4-  +  x2  -  =7  0

  [3]in the form  sin  qr, where q is a rational number.

  
     [4] 

   [2]
 

  

                                                                                  

 [2]

  

42  - (9231/11_Winter_2025_Q4  )

The quartic equation  x4  +  x3  +  x2  +  x  +  =1  0  has roots  a,  b,  c,  d.
(a)  Show that a quartic equation with roots  2a  +  1  +,  ,2b  1  2c  +21+  1,  d  is
  y4  3  2-  +2  +  4y  y  2y  1+  =1  0.
The sum  (  )2a  +  1  n  +  (  )2b  +  1  n  +  (  )2c  +  1  n  +  (  )12d  +  n  is denoted by  S  n  .
(b)  Find the value of  S2  .
(c)  Given that  S3  =-22, find the value of  S4  .

  

                 
43  - (9231/12_Winter_2025_Q2  )

  
 The  cubic  equation  x  b+  +x  cx  d+  =  0,  where  b,  c  and  d  are  constants,  has  roots  a,  b  and  c.  It  is  given that

,2a b c+ + =
,32 2 2a b c+ + =
.54 4 4a b c+ + =

 (a) Find the values of b and c. [3]
 (b) Find the value of d. [5]
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The cubic equation x bx cx d 03 2+ + + = , where d 0! , has roots a, b, c such that 1c b= .
 (a) Show that d b1b b+ = - . [3]
 (b) Show also that d c11b b =+ - . [2]

 (c) It is given that b = 3, c = -3 and d 02 .
  (i) Find the value of d. [2]
  (ii) Find the value of .2 2 2a b c+ +  [2]

      44  - (9231/14_Winter_2025_Q2  )
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1 - (9231/11_Summer_2020_Q2 )

(a) 2=y x  B1 

 ( )3 1
2 2

1
2

2 2 2 2 2

6 3 5 0 5

(6 3) ( 5) 3 5

6

6

3

(36 9) 10 2

+ − − = = − +

− = +

 −

− − + = − +

y py y py

y yy py y

y

y py

y

y p
 

M1 

 3 2 236 ( 36) (10 9) 25 0− + + + − =y p y p y  A1 

  3 

(b)(i) 2
2 2 2 36

36
α β γ = ++ + p

 
B1 

 2
2 136 2 36 0

36 6
2+ = −  + + =pp pp

 
M1 

 6= −p  A1 

  3 

(b)(ii) 3 3 3 2 2 2 56( ) 6( ) 3( ) 1α β γ α β γ α β γ+ + + + + + += +  M1 

 3 3 3 5α β γ+ =+  A1 

  2 
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2 - (9231/12_Summer_2020_Q2 )

(a) 2=y x  B1 

 ( )3 1
2 2

1
2

2 2 2 2 2

6 3 5 0 5

(6 3) ( 5) 3 5

6

6

3

(36 9) 10 2

+ − − = = − +

− = +

 −

− − + = − +

y py y py

y yy py y

y

y py

y

y p
 

M1 

 3 2 236 ( 36) (10 9) 25 0− + + + − =y p y p y  A1 

  3 

(b)(i) 2
2 2 2 36

36
α β γ = ++ + p  

B1 

 2
2 136 2 36 0

36 6
2+ = −  + + =pp pp  

M1 

 6= −p  A1 

  3 

(b)(ii) 3 3 3 2 2 2 56( ) 6( ) 3( ) 1α β γ α β γ α β γ+ + + + + + += +  M1 

 3 3 3 5α β γ+ =+  A1 

  2 
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3 - (9231/13_Summer_2020_Q1 )

(a) 1−=y x  B1 

 3 2 1 3 27 3 5 1 0 5 3 7 0− − −+ + + =  + + + =y y y y y y  M1 A1 

  3 

(b) ( )2 22 2 ( 5) 2 3 19α β γ− − − =+ + − − =  M1 A1 

(c) 3 3 3 5(19) 3( 5) 21 101α β γ− − − = −+ − = −+ − −  M1 A1 

 4 
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4 - (9231/11_Winter_2020_Q3 )

(a) 1
33y x x y=  =  B1 Substitutes. 

 ( )1
3 33 3 21 0 1 3 3 1y cy c y y y y y+ + =  − = + = + + +  M1 Correct attempt to eliminate cube root. 

 ( )3 2 33 3 1 0y y c y+ + + + =  A1  

  3  

(b) 3 3 3 3α β γ+ + = −  3 3 3 3 3 3 33 cα β β γ γ α+ + = +  B1 FT Using their answer to (a).  

 ( ) ( )26 6 6 33 2 3 cα β γ = −+ ++ −  M1 36 6 6 3 3 2 3 3 3 3 3 3) )( 2(α β γ α β γ α β β γ γ α=+ + +−+ + +  

 33 2c= −  A1 AG 

  3  

(c) 3 3 3 1α β γ = −  B1 If using their answer to (a) FT 

 

( )
3 3

3 3 6 6 6 3 3 3 3

3 3

1

1 1 2 2 4

1

c

β
α

α β
α γ

γ
β γ α β γ+= − + = −+  

M1 A1 Evaluates determinant.  

 32 4 0c − =  M1 Sets determinant equal to zero. 

 3 2c =  A1  

  5  
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5 - (9231/12_Winter_2020_Q1 )

(a) 1d =   B1  

  1  

(b) 1 1y x x y= +  = −   B1 Uses correct substitution. 

 3 2( 3) ( 2 3) 0y b y c b y b c+ − + − + + − =   M1 A1 Substitutes and expands.  

 Alternative method for question 1(b) 

 1)( 1) 1)( 1) ( 1)( 1) 2 3( ( c bα β α γ β γ+ + + + + + + + = − +  B1  

 ( 1 1 1) 3 ,bα β γ+ + + + + = −  )( 1)( 1 ( 1) c bα β γ+ + + = −  M1 Using these relationships. 

 3 2( 3) ( 2 3) 0)y b y c b y b c+ − + − + + − =  A1  

  3  

(c) ( )1 3bβ + = − −  B1 Uses sum of roots.  

 31)( 1( 2) c bα α+− −+ +=   B1 Uses sum of products in pairs.   

 ( )( )( ) ( )1 1 1 b cα β α+ + = −+− −   M1 Applies product of roots. 

 ( )( )2 3 3c b b b c − + − = −   A1 AG 

  4  
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6 - (9231/13_Winter_2020_Q3 )

(a) 1
33y x x y=  =  B1 Substitutes. 

 ( )1
3 33 3 21 0 1 3 3 1y cy c y y y y y+ + =  − = + = + + +  M1 Correct attempt to eliminate cube root. 

 ( )3 2 33 3 1 0y y c y+ + + + =  A1  

  3  

(b) 3 3 3 3α β γ+ + = −  3 3 3 3 3 3 33 cα β β γ γ α+ + = +  B1 FT Using their answer to (a).  

 ( ) ( )26 6 6 33 2 3 cα β γ = −+ ++ −  M1 36 6 6 3 3 2 3 3 3 3 3 3) )( 2(α β γ α β γ α β β γ γ α=+ + +−+ + +  

 33 2c= −  A1 AG 

  3  

(c) 3 3 3 1α β γ = −  B1 If using their answer to (a) FT 

 

( )
3 3

3 3 6 6 6 3 3 3 3

3 3

1

1 1 2 2 4

1

c

β
α

α β
α γ

γ
β γ α β γ+= − + = −+  

M1 A1 Evaluates determinant.  

 32 4 0c − =  M1 Sets determinant equal to zero. 

 3 2c =  A1  

  5  
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7 - (9231/11_Summer_2021_Q3 )

(a) 3=y x   B1 Correct substitution.  

 4
3 4 3 3 22 1 0 (2 1) 8 12 6 1− − =  = + = + + +y y y y y y y   M1 Obtains an equation not involving radicals. 

 4 3 212 6 1 08 − − − =−y yy y   A1  

 3 3 3 3 8α β γ δ+ + + =  B1 FT  

  4  

(b) 3 3 3 3 3 3 3 3 3 3 3 3

3 3 3 3 3 3 3 3
1 1 1 1 6

1
α β δ α β γ β γ δ α γ δ

α β γ δ α β γ δ
+ + ++ + + = =

−
 

M1 
A1 FT Relates 3 3 3 3

1 1 1 1
α β γ δ

+ + +  to coefficients.  

 6−   A1  

  3  

(c) 4 4 4 4 3 3 3 32( ) 4α β γ δ α β γ δ=+ + ++ + + +   M1 Uses original equation. 

 20=   A1  

  2  
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8 - (9231/12_Summer_2021_Q3 )

(a) 3=y x   B1 Correct substitution.  

 4
3 4 3 3 22 1 0 (2 1) 8 12 6 1− − =  = + = + + +y y y y y y y   M1 Obtains an equation not involving radicals. 

 4 3 212 6 1 08 − − − =−y yy y   A1  

 3 3 3 3 8α β γ δ+ + + =  B1 FT  

  4  

(b) 3 3 3 3 3 3 3 3 3 3 3 3

3 3 3 3 3 3 3 3
1 1 1 1 6

1
α β δ α β γ β γ δ α γ δ

α β γ δ α β γ δ
+ + ++ + + = =

−
 

M1 
A1 FT Relates 3 3 3 3

1 1 1 1
α β γ δ

+ + +  to coefficients.  

 6−   A1  

  3  

(c) 4 4 4 4 3 3 3 32( ) 4α β γ δ α β γ δ=+ + ++ + + +   M1 Uses original equation. 

 20=   A1  

  2  
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9 - (9231/13_Summer_2021_Q2 )

(a) 1 2=S   B1  

 2
2 1 2(0)= −S S   M1 Uses formula for sum of squares.  

 4=   A1 Correct answer implies M1A1. 

  3  

(b)(i) 3
23 22+ += −n n nS S S   B1 CAO or as a single fraction. 

  1  

(b)(ii) 
2

3 3 3
24 3 1 2 20 12 2(2 )= − = − −S S S S S S   M1 Uses their recursive formula from part (i) to find 

4S  7
3 2

 = S . 

 4=   A1  

  2  

(c) 2= −x y   B1 SOI 

 3 2 04(2(2 ) 2 ) 3− − + =− yy   M1 Makes their substitution.  

 3 22 8 8 3 0− + − =y y y   A1  OE but must be an equation. 

  3  
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10 - (9231/11_Winter_2021_Q1 )

(d) 8
2
3

2
−

 

OR 
Or use 2 1 0 12 8 8 3 0−− + − =S S S S  with substitution of their values 

M1 
Uses 1 1 1 .' ' ' ' ' '

' ' ' ' ' '
α β β γ γ α

α β γ α β γ
+ ++ + =  

 8
3

=   
A1 FT FT from 2(c). 

  2  

( ) 3α β γ− += + = −b   B1  

 2 )5 3 2(αβ βγ γα= − + +   M1 A1 Uses formula for sum of squares. 

 2=c   A1  

 6 3(5) 2(3) 3 0− + + =d   M1 Uses original equation or formula for sum of cubes. 

 [Equation is 3 23 2 1 0− + + =x x x  ]     
1=d  

A1  

  6  
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11 - (9231/12_Winter_2021_Q4 )

(a) 2( 2) 2(3)− −   M1 Uses formula for sum of squares. 

 2−   A1  

  2  

(b) 3 3 3 2( 2) 3( 2) 3(3)α β γ+ + = − − − − −   M1 Uses original equation or formula for sum of cubes.  

 1  A1 AG 

  2  

(c) ( )3 3 2 2 33 3r rr rα α α α++ = + +  B1 Expands.   

 
( ) ( ) ( )( ) ( )3

1 1

3 3 2 31 3( 2) 3( 2) 3
n n

r r

rr r rr rα β γ
= =

+ + = + − + − ++ + +   
M1 A1 Collects like terms and uses results from parts (a) and 

(b). 

 ( ) ( )1 2 2

2 2

31
2 6 4

3
4

6 ( 1) 6 ( 1)(2 1) ( 1)

3 ( 1) ( 1)(2 1) ( 1)

n n n n n n n n

n n n n n n n n

− + − + + + +

− + − + + + +
  

M1 Applies formulae from MF19. 

 ( )
( )4

2

1
4

1

( 1) 12 4(2 1) 3 ( 1)

( 1) 3 5 16

n n n n n n

n n n n n

+ + − − + + +

+ + − −
  

M1 A1 Simplifies.  

  6  
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12 - (9231/13_Winter_2021_Q1 )

( ) 3α β γ− += + = −b   B1  

 2 )5 3 2(αβ βγ γα= − + +   M1 A1 Uses formula for sum of squares. 

 2=c   A1  

 6 3(5) 2(3) 3 0− + + =d   M1 Uses original equation or formula for sum of cubes. 

 [Equation is 3 23 2 1 0− + + =x x x  ]     
1=d  

A1  

  6  
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13 - (9231/11_Summer_2022_Q4 )

(a) 1
33y x x y    B1 Substitutes. 

  
2 2
3 3 31 12 5 6 0 leading to 5 6 2 125 6 2y y y y y y            M1 Cubes to eliminate radical.   

 3 2216 216 8 053y y y     A1  

 Alternative method for question 4(a) 

 3 3 2 3(2 6) ( 5 )x x    M1 9 6 6 38 72 125 216 216 0x x x x      

 3 3 1 leading to y x x y    B1 Substitutes. 

 3 2216 216 8 053y y y    A1  

  3  

(b) 3 3 3 1             3 3 3 3 3 3 53
216               B1 FT Using their answer to part (a).  

  6 6 6 2 53
2161 2          M1 3 3 3 2

3 3 3 3 3

6 6

3

6 )
)

(
2(
     

     

   

   



 

    

 
 

  6 6 6 161
108        A1  

  3  

(c) 9 6 3216 216 53 24S S S      M1 Using their 
9 6 3216 216 8 053        

 399 133
9 216 72S     A1  

  2  
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14 - (9231/12_Summer_2022_Q4 )

(a) 1
33y x x y    B1 Substitutes. 

  
2 2
3 3 31 12 5 6 0 leading to 5 6 2 125 6 2y y y y y y            M1 Cubes to eliminate radical.   

 3 2216 216 8 053y y y     A1  

 Alternative method for question 4(a) 

 3 3 2 3(2 6) ( 5 )x x    M1 9 6 6 38 72 125 216 216 0x x x x      

 3 3 1 leading to y x x y    B1 Substitutes. 

 3 2216 216 8 053y y y    A1  

  3  

(b) 3 3 3 1             3 3 3 3 3 3 53
216               B1 FT Using their answer to part (a).  

  6 6 6 2 53
2161 2          M1 3 3 3 2

3 3 3 3 3

6 6

3

6 )
)

(
2(
     

     

   

   



 

    

 
 

  6 6 6 161
108        A1  

  3  

(c) 9 6 3216 216 53 24S S S      M1 Using their 
9 6 3216 216 8 053        

 399 133
9 216 72S     A1  

  2  
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15 - (9231/11_Winter_2022_Q1 )

(a) 2 + = −b   
2 2 0 + =   

B1  

 2 = −  leading to 4 b − + = −   M1  Solves simultaneous equations, or, express b and d 
in terms of   and    . 

 1
3 , = b  2

3 = − b   A1 33
2

 = = −b  and 2 = −d . 

 2 d  = −  leading to 34
27 b d=−  leading to 34 27 0b d+ =  M1 A1 Substitutes into third equation, AG. 

  5  

(b) 23b b=  leading to 3b =   M1 A1 Uses ( ) ( )22 2 22 22 2     −++ = +  or 

substitutes for ,   in terms of b. 

 4=−d   A1  

  3  
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16 - (9231/12_Winter_2022_Q2 )

(a) 2y x−=  leading to
1
2x y

−=  B1 Correct substitution.  

 1
22 13 2 6 0y y y− −− + + + =  leading to 

3
2 21 3 2 6 0y y y+ + + =  M1 Obtains an equation not involving 

radicals. 

 4 3 2 036 32 21 6 1y y y y+ + + =+   A1  

 
2

32
362 2

8
2 9

1 1 1 1
   

+ + + = − = −  
B1 FT  

  4  

(b) 6 =   B1 SOI 

 2 2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2
1 1 1 1            

       
+ +

++
+ =

+  
M1  Relates to coefficients.  

 2 2 2 2 2 2 2 2 2 2 2 2 32           + + = −   A1  

  3  

(c) 

( )
( ) ( )

24 4 4 4

2 2 2 2 2 2

8 21
9 36

2

2 2 2

2 2 2 2 2 2

2

1 1 1 1 1 1 1 1

2

2

a

       

          − − − − − − − − − −− −+

 
+ + + = + + + 

 

− ++

− −

+ +

=

  

M1 Uses formula for sum of squares.  

 61
162−    A1  

  2  
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17 - (9231/13_Winter_2022_Q1 )

(a) 2 + = −b   
2 2 0 + =   

B1  

 2 = −  leading to 4 b − + = −   M1  Solves simultaneous equations, or, express b and d 
in terms of   and    . 

 1
3 , = b  2

3 = − b   A1 33
2

 = = −b  and 2 = −d . 

 2 d  = −  leading to 34
27 b d=−  leading to 34 27 0b d+ =  M1 A1 Substitutes into third equation, AG. 

  5  

(b) 23b b=  leading to 3b =   M1 A1 Uses ( ) ( )22 2 22 22 2     −++ = +  or 

substitutes for ,   in terms of b. 

 4=−d   A1  

  3  
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18 - (9231/11_Summer_2023_Q2 )

(a) 2( 4) 2(6)    M1 Uses formula for sum of squares. 

 4   A1  

  2  

(b)   22 2 2r r r     B1 Expands.  

 
        2 22 2

1 1
4 2( 4) 3

n n

r r

rr rr r  
 

        
M1 A1 Collects like terms and uses 4       and 

their result from part (a). 

     1
24 4 1 1 2 1n n n n n n       M1 Applies formulae from MF19.  

   

  
 

1
2

1
2

5 1
2 2

2

2

2

4 1 2 1

4 2 3 1

n n n n

n n n n

n n n

   

    

  

  

M1 A1 Simplifies.  

  6  
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19 - (9231/12_Summer_2023_Q2 )

(a) 2( 4) 2(6)    M1 Uses formula for sum of squares. 

 4   A1  

  2  

(b)   22 2 2r r r     B1 Expands.  

 
        2 22 2

1 1
4 2( 4) 3

n n

r r

rr rr r  
 

        
M1 A1 Collects like terms and uses 4       and 

their result from part (a). 

     1
24 4 1 1 2 1n n n n n n       M1 Applies formulae from MF19.  

   

  
 

1
2

1
2

5 1
2 2

2

2

2

4 1 2 1

4 2 3 1

n n n n

n n n n

n n n

   

    

  

  

M1 A1 Simplifies.  

  6  
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20 - (9231/13_Summer_2023_Q3 )

(a) 2y x  so, 
1
2x y  B1 Correct substitution.  

 1
22 2 5 0y y y     so,    1

2
22

2
2 5y y y      M1 Obtains an equation which eliminates radicals. 

 4 3 2 14 02 11 25   y y y y   A1  

 2 2 2 2      2 B1FT  

  4  

(b) 2 2 2 2 25       B1FT  

 2 2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2
1 1 1 1            
       

 


 
  

M1  Relates to coefficients.  

 14
25   A1 CAO 

  3  

(c)  
 
 

4 4 4 4 2 2 2 2

2 22 2 2 22 22 2 2 2

2

2

2

2 2 11

       

           

     

   





 

  

M1 Uses formula for sum of squares or uses original equation. 

 18    A1  

  2  
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21 - (9231/13_Summer_2023_Q7 )

(a) 3x  B1 States vertical asymptote.  

   13 ( 5) 1 65
3 3

6
  





 

 x
x
x

x
x

y  
M1 Finds oblique asymptote. 

 5 y x  A1  

  3  

(b) 

 
2

2
d 161 0 ( 3) 16
d 3

     


y x
x x

 
M1 Differentiates and sets equal to zero.  

 1,7 x  A1 Finds x-coordinates 

 ( 1,0),(7,16)  A1 States coordinates of turning points. 

  3  
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(c) 

 

B1FT Axes and labelled asymptotes.   

B1 Upper branch correct. 

B1 Lower branch correct and no additional branches. 

  3  

y
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(d) 

 
 

B1FT Clear labels, axes and their vertical asymptote.  

B1FT 2 2 1
3

 



x xy

x
 correct, FT from their sketch in (c). 

B1 
Upper branch of 

2
2 2 1

3
 




x xy
x

 (positive square root).  

B1FT 
Lower branch of 

2
2 2 1

3
 




x xy
x

 (negative square root). 

FT from previous mark. 

  4  
 

2
2 2 1

3
x xy

x
 




2
2 2 1

3
 




x xy
x

2 2 1
3

 



x xy

x

y
2 2 1

3
 




x xy
x
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22 - (9231/11_Winter_2023_Q3 )

(a) ( ) 3   + +− += = −b   B1  

 ( )2 )5 3 2(     + + +− += − +   M1 A1 Uses formula for sum of squares. 

 2=c   A1  

 
6

2
   



+ + −
= =

+
−
d   

M1 Uses 
1 1 1 1 .   

   


− − − − + +
+ =+

+
+   

 12=d  A1 Equation is 24 33 2 12 2 0.− + + − =x x x x  

  6  

(b) ( ) ( ) ( ) ( )4 4 4 4 3 27 2 5 12 3 2 4   + + + = − − − +   M1 Uses their quartic equation derived in (a).  

 –119 A1  

  2  
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23 - (9231/12_Winter_2023_Q4 )

(a) ( )1
313 1−+=  =y x x y  

 
3 21 1 127 18 6 1 0

3 3 3
− − −     

 + + − =     
     

y y y  

B1 Substitutes. 

 ( ) ( )3 21 2 1 2( 1) 1 0 − + − + − − =y y y  

 3 2 2 3 3 1  2 4 2 2 2 1 0 − + − + − + + − − =y y y y y y  

M1  
 
Expands.  

 3 2 2 0+− − =y y y   A1 AG. 

  3  

(b) 2
2 1 2(1) 1= − = −S  M1 A1 Uses formula for sum of squares, AG. 

 ( )3 3 3
3 1) 1) 61(3 (3 (3 1 1)  + + += + + =− − +S   M1 Uses 3 2 2+= −y y y  or expands and 

uses original equation.  

 4  A1  

  4  

(c) ( ) ( )( ) ( )
( )( )1

(3 (3 1
(3

1
2

1) 3 1 3 1 3 1 3 1 )
1) 3 1 3 1

     

  
−

+ + + + + + + +
+ +

= =
+

S   
B1  

 1
22 1 12 3 1 3− −= − + = − +S S S   M1 Uses 2 12 1 .− −= − +y y y   

 3
42− = −S   A1 CAO 

  3  
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24 - (9231/13_Winter_2023_Q3 )

(a) ( ) 3   + +− += = −b   B1  

 ( )2 )5 3 2(     + + +− += − +   M1 A1 Uses formula for sum of squares. 

 2=c   A1  

 
6

2
   



+ + −
= =

+
−
d   

M1 Uses 
1 1 1 1 .   

   


− − − − + +
+ =+

+
+   

 12=d  A1 Equation is 24 33 2 12 2 0.− + + − =x x x x  

  6  

(b) ( ) ( ) ( ) ( )4 4 4 4 3 27 2 5 12 3 2 4   + + + = − − − +   M1 Uses their quartic equation derived in (a).  

 –119 A1  

  2  
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25 - (9231/11_Summer_2024_Q1 )

(a) 1
2 p   B1  

  1  

(b)    2 2 2 5 1
2 2               M1 Factorises.   

 5
4   A1  

  2  

(c) 3 24 2 5 25 0   z pz z  B1 FT OE 
FT on their value of      (in terms of p). 

  1  

(d) 1 1
3 4  p  M1 Uses  22 2 2 )2(              

 1
12p  A1 CAO 

  2  

CIE A-Level  Further Mathemaics(9231)-P1&P2  CH1 - Roots of polynomial equations

2020-2025 42 of 1076 



26 - (9231/12_Summer_2024_Q1 )

(a) 1
2 p   B1  

  1  

(b)    2 2 2 5 1
2 2               M1 Factorises.   

 5
4   A1  

  2  

(c) 3 24 2 5 25 0   z pz z  B1 FT OE 
FT on their value of      (in terms of p). 

  1  

(d) 1 1
3 4  p  M1 Uses  22 2 2 )2(              

 1
12p  A1 CAO 

  2  
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27 - (9231/13_Summer_2024_Q2 )

(a) 2 1 y x  B1 Uses correct substitution. May use a 
different letter. 

         
       

3
2

1 1
22

2 2 2 2

( 1) 2( 1) 3 1 1 0 2 1 1

1 2 2 1 1 4 4 4 4 1

1 1 3             

           

y y y y

y

y

y y

y

y y y y y
 

OR 

   

6 4 2

3 2

3 2 2 2( 3 ) ( 2 1)

1 2 1 5( 1) 1 0

2 5 1 0



     

     

 x x xx x x

y y y
 

 

M1 Substitutes and obtains an equation not 
involving radicals.  

 3 2 4 5 0   y y y  A1 OE 

  3  

(b)      2 2 22 2 21 1 1 1 2(4)         M1 Uses 
2 2 2 2)

).
(

2(
     

  
   

 



 

on their answer for part 2(a). 

 7  A1 CAO 

  2  
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(c)        2 2 23 3 3
1 1 1 7 4 5 3          M1 Uses their equation from part 2(a). 

 4  A1 CAO 

 Alternative method for question 2(c) 

 Uses  
 

 
              

32

32 2 2 2 2 2 2

3

1

1 3 1 1 1 3 1 1 1

1 3 1 4 3 5



      

 

        

     


     

M1  
 
 
 
 
 
Uses their equation from part 2(a) in a valid 
formula. 

 4 A1 CAO 

  2  
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28 - (9231/11_Winter_2024_Q3 )

(a) 4=y x  B1 Uses correct substitution. 

 ( )
3
4 432 1 0 16 1+ − =  = −y y y y  M1 Substitutes and obtains an equation not 

involving radicals.  

 3 2 3 416 1 4 6 4= − + − +y y y y y   M1 Uses binomial expansion. 

 24 320 6 4 1 0− + − + =y y y y  A1 Must be an equation. 

 4 4 4 4 20   + + + =  B1  

  5  

(b) 2   + + + = −  B1  

 ( ) ( )5 4 5 5 5 52 0 2 20 2   + − =  + + + =− + −x x x  M1 Multiplies original equation by x and substitutes. 

 42−  A1  

  3  

(c) ( )8 8 8 8 220 2 6   + + + = −   M1 Uses formula for sum of squares. Or alternative 
complete method eg another substitution. 

 388  A1 CAO.  

  2  

CIE A-Level  Further Mathemaics(9231)-P1&P2  CH1 - Roots of polynomial equations

2020-2025 46 of 1076 



29 - (9231/12_Winter_2024_Q3 )

(a) ( ) ( )22 2 2 2 2             + + + + ++ + += − ++ +  

( )23 2 2      + + +− += +   

M1  Substitutes into formula for sum of 
squares. 

 1
2     + + + + + =  A1  

  2  

(b )   

( ) ( ) ( ) ( )2 2 2 22 2 2 2       = − +−+− −+   

M1 A1 Factorises and substitutes.  

 ( )2 3 4 2− =   A1  

  3  

(c)(i) ( ) ( ) ( )4 3 2 1 46 12 3 2 24 0 6 12 4 3 3 2 2 24 0− + + + =  − + + + =S S S S S  M1 Sums and substitutes. 

  A1  

 
64

11=S  A1  

    3  

(c)(ii) 
3 15 4 26 12 3 2 6 0− + + + =S S S S S ( ) ( ) ( )11

5 66 12 3 4 2 3 12 0 − + + + =S  M1 Multiplies equation through by x, sums 
and substitutes. 

1 1
5 4 3 23 122 0− + + + =S S S S S  

( ) ( ) ( )11 1 1
5 6 2 32 4 3 2 0 − + + + =S  

 4
5 3= −S   A1  

  2  

( ) ( ) ( ) ( )2 2 2 2               + + + + + + + + + + +
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30 - (9231/13_Winter_2024_Q3 )

(a) 4=y x  B1 Uses correct substitution. 

 ( )
3
4 432 1 0 16 1+ − =  = −y y y y  M1 Substitutes and obtains an equation not 

involving radicals.  

 3 2 3 416 1 4 6 4= − + − +y y y y y   M1 Uses binomial expansion. 

 24 320 6 4 1 0− + − + =y y y y  A1 Must be an equation. 

 4 4 4 4 20   + + + =  B1  

  5  

(b) 2   + + + = −  B1  

 ( ) ( )5 4 5 5 5 52 0 2 20 2   + − =  + + + =− + −x x x  M1 Multiplies original equation by x and substitutes. 

 42−  A1  

  3  

(c) ( )8 8 8 8 220 2 6   + + + = −   M1 Uses formula for sum of squares. Or alternative 
complete method eg another substitution. 

 388  A1 CAO.  

  2  
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31 - (9231/21_Winter_2024_Q4)

 

(a)  1811 1
2 0 10

16 1 1 1

2
2
23

− 
 − 



−  
 

 −

− = 
 

  
− 

 
M1 Multiplies matrix with eigenvector. 

 2 =−  A1  

  2  

(b)  811 1
02 00

1 1316







− −
− − =

−−

 
M1 Sets determinant equal to zero. 

 ( )( )( ) ( )
( )( )2

3

11 2 13 128 2 0

2 2 0

19 30 0

15

   



  



− − − − − + − − =

− − −− =

− − =

 

A1 Expands determinant, AG. 

 5, 3 = −  B1  

  3  

(c)  3 19 30 0− − =A A I  B1 States that A satisfies its characteristic equation.  

 1 230 19− = −A A I  M1 Multiplies through by 1−
A . 

 
12

7 5 16
4 00

32 5 4

526 16
1 15 00
30

5 22321

−

− − 
=  = − 


− − 
 
 
 − −  −− 

AA  
M1A1 M1 for substituting 2

A . 

  4  
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32 - (9231/22_Winter_2024_Q4)

(a)  ( )6 4 2 2 4 66c cRe cos isin 15 os s 5os6 cos in 1 cos sin sin        − −== + +   M1A1 Expands and takes real part.  

 ( ) 5 3 3 56 is Im cos isin s n 20cos sin 6c sin6 6cos os in        = +=+ −   M1A1 Takes imaginary part 

 24 2 4 6 6

5 3 5

6

63
cos sincot 6

6co
sin15cos sin15cos sin

sin 20cos sin 6cos ns sinsi
  


     

−

−=
+−

− +


−   
M1 Divides numerator and denominator by 

6sin .   

 6 4

5

2

3
cotc t15cot 15co 1

26 0cot 6
ot 6

cot cot
  


  

− + −
−

=
+

  
A1 AG 

  6  

(b)  1cot c t, o 6 = =x   B1 Applies identity given in (b).  

 1
46  = + k   M1 Solves cot6 1 =  

 ( )1
24cot π   A1 Gives one correct solution.  

7.60 

 ( ) ( ) ( ) ( ) ( )5 3 13 17 7
24 8 24 24 8π π π π πcot ,cot ,cot ,cot ,cot   A1 Gives other five solutions.  

1.30, 0.41, –0.13, –0.77, –2.41 
 
Withhold A1 mark for repeated roots.  

  4  
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34 - (9231/23_Winter_2024_Q4)

33- (9231/23_Winter_2024_Q1)

 

( ) ( )
1 5 6

222 2
8 5 8 6 6 4 6652 2

3 43 84 8
3 4 8

= − + + ++−=
−−

−

kk
k k k  

M1A1 Evaluates determinant.  

 7
8k   A1  

 Three planes intersect at a unique point. B1  

  4  

(a)  1811 1
2 0 10

16 1 1 1

2
2
23

− 
 − 



−  
 

 −

− = 
 

  
− 

 
M1 Multiplies matrix with eigenvector. 

 2 =−  A1  

  2  
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(b)  811 1
02 00

1 1316







− −
− − =

−−
 

M1 Sets determinant equal to zero. 

 ( )( )( ) ( )
( )( )2

3

11 2 13 128 2 0

2 2 0

19 30 0

15

   



  



− − − − − + − − =

− − −− =

− − =

 

A1 Expands determinant, AG. 

 5, 3 = −  B1  

  3  

(c)  3 19 30 0− − =A A I  B1 States that A satisfies its characteristic equation.  

 1 230 19− = −A A I  M1 Multiplies through by 1−
A . 

 
12

7 5 16
4 00

32 5 4

526 16
1 15 00
30

5 22321

−

− − 
=  = − 


− − 
 
 
 − −  −− 

AA  
M1A1 M1 for substituting 2

A . 

  4  
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35 - (9231/11_Summer_2025_Q2 )

(a) 3 1= −y x  
B1 Uses correct substitution. 

 ( ) ( )

( )

1 13
3 33

23 3

( 1) 2 1 1 0 2

8( 1) 2 8

1

12

2

8 6 8

+ + + + = = − −

+ = − +





+

+ = − − − −

y y y

y y y

y

y y y
 

M1  

Substitutes and obtains an equation not 

involving radicals.  

 3 26 20 16 0+ + + =y y y  
A1  

  3  

(b) ( ) ( ) ( ) 23 3 3
2 2 2

1 1 1 6 2(20)  − − −+ + − =  M1 Uses 
2 2 2 2) ).( 2(        + + + + + += −  

 4−  A1 FT 

  2  

(c) ( ) ( ) ( )
3 3 3

3 3 31 1 1 6( 4) 20( 6) 16(3)   −+ +− − − = − − − −  M1 Uses their equation from (a) or a valid formula 

for the sum of cubes. 

 96  A1  

  2  
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36 - (9231/12_Summer_2025_Q2 )

(a) 3 1= −y x  
B1 Uses correct substitution. 

 ( ) ( )

( )

1 13
3 33

23 3

( 1) 2 1 1 0 2

8( 1) 2 8

1

12

2

8 6 8

+ + + + = = − −

+ = − +





+

+ = − − − −

y y y

y y y

y

y y y
 

M1  

Substitutes and obtains an equation not 

involving radicals.  

 3 26 20 16 0+ + + =y y y  
A1  

  3  

(b) ( ) ( ) ( ) 23 3 3
2 2 2

1 1 1 6 2(20)  − − −+ + − =  M1 Uses 
2 2 2 2) ).( 2(        + + + + + += −  

 4−  A1 FT 

  2  

(c) ( ) ( ) ( )
3 3 3

3 3 31 1 1 6( 4) 20( 6) 16(3)   −+ +− − − = − − − −  M1 Uses their equation from (a) or a valid formula 

for the sum of cubes. 

 96  A1  

  2  
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37 - (9231/13_Summer_2025_Q3 )

(a) ( )2 2 2 20 2 7   = + + + +   
M1 

Uses 
( )

( )

2 2 2 2 2

2

       

     

+ + +

+ + +

= + + +

+

+

+
  

 2 2 2 2 14   + + + = −   
A1  

  2  

(b) 4 2 17 3 88 0+ + + =S S S   M1 Uses given equation. 

 4 10=S   A1FT FT from (a) 

  2  

(c) ( )2 2 2 4
2

2  = + ++ r rr  B1 Expands.  

 
( ) ( ) ( ) ( )( )

( )

10
2 2 2

1

2
2 2 2 2

2
10

1

4 28 10

   
=

=

+ + + + +

=

+

− +

+



r

r

r

r r

rrr

 

M1  Collects like terms and uses results from parts 

(a) and (b). 

 A1FT FT from (a) and (b) evaluated coefficients. 

 ( ) ( )( )( ) ( )( )

( )

10
6

4 10 1 2 10 1 14 10 10 1

10 10

= + + − +

+
  

M1 Applies formulae from MF19. 

 100=   A1 Evaluated. CAO  

  5  
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38 - (9231/14_Summer_2025_Q4 )

(a) 

2 2 2

1
1

11 2
1 1

1

1
 

   
       

   
 

+= − +=− −−   

M1 A1 Finds determinant.  

 2 2 2 2 2 2 31 2 1 2(1)0      − +− =− + + = + =   M1 A1 Sets determinant 0=   and uses 1, =  AG.  

  4  

(b) 2 2 2 2 22 3 2b c b c  + + = −  = −   *M1 A1 Uses ( ) ( )
22 2 2 2 .        + ++ = ++ − +   

 3 3 3 (3) ( ) 3 3 3 3b c b b cb  + + = − − − +  = − + +   *M1 A1 Uses cubic equation or formula for 3 3 3.  + +   

 3, 3c b= =   DM1 A1 Solves simultaneous equations.  WWW 

  6  
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39- (9231/21_Summer_2025_Q1)

 1
4

i π3 27 27i 27 2ez
−

= − =  B1 Modulus and argument of 3z  (does not need to be in 

exponential form).  

 6
1

12
1 i π

1 23 ez
−

=  M1 A1 Finds one root. Cube root must be taken for M1. 

 6
7

12
1 i π

2 23 ez = , 6
9

12
1 i π

3 23 ez
−

=  A1FT A1FT Finds other two roots. FT on modulus. Withhold one 

answer mark for omission of i.  

  5  
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40 - (9231/23_Summer_2025_Q5)

(a)  ( )) (
5

isincos5 i5 + = +c s   M1 Uses binomial theorem.  

 5 2 3 4cos5 10 5 − += cc s s c   A1  

 ( ))(
2

5 32 25 110 1 + −= − − c c cc c   M1 Uses 2 21 .= −s c   

 5 316 20 5= − +c c c   A1  

 5

5 3 5

sec
s

1
5ec

sec16 20 5





= 

− +c c c
 

M1 Divides simplified numerator and 

denominator by 5.c   

 5

4 2

sec

20 16secsec5



 − +
=   

A1 AG. 

  6  

(b)  
( )22 2

3 3

5
5 4

4 2
5 20 16

5 20 16
= − +  =

− +

x
x x x

x x
  

B1 Relates with equation in part (a). Can be 

implied by M1 mark. 

 

 32
23

se 5 coc s5 =  =  M1 Solves 3

2
cos5 . =   

 ( )1
30
πsec=x   A1 Gives one correct solution.  

 ( ) ( ) ( ) ( )13 23 2511
30 30 30 30

πsec ,sec ,s ,π π ec secπ  A1 Gives four other solutions. Allow different 

values of q as long as all five solutions are 

found.  

-1.35, -1.15, 1.01, 2.46, 4.81 

  4  
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41 - (9231/24_Summer_2025_Q5)

(a)  ( )( )7
Is mn ii 7 = +c s   

M1 Uses binomial expansion and takes imaginary part.  

 7 2 5 4 3 621 35 7=− + − +s c s c s c s   A1  

 ( ) ( ) ( )
2 3

7 2 5 2 3 221 1 35 1 7 1= − + − − − + −s s s s s s s  
M1 Applies 2 21 .= −c s   

 )(
3

2 6 4 21 3 3 1− = − + − +s s s s   
B1 

No sight of )(
3

21− s  fully expanded is B0. 

 7 5 3sin7 14 76 12 56 = + −− +s ss s  A1 AG. 

  5  

(b)  sin=x  sin 0   sin7 0 =   M1 Solves sin7 0 =  and excludes sin 0. =  For M1 

the roots from sin 0 =  must be excluded at some 

stage of their working. (This could be implied by 

their final answers.) 

 ( )1
7
πsinx =   A1 One correct root. 

 ( ) ( ) ( )32
7 7

1
7

πsin , sin ,π sinπ −    A1 Exactly five other correct roots. Allow different 

values of q which give these roots. Accept  

( ) ( ) ( )7
1
7

32
7

sin , sin , sin .π π π −  

Just listing correct values of q without any 

reference of x is M1 SCB1 (2/3). 

  3  
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42  - (9231/11_Winter_2025_Q4  )

 (a)  ( )1
2

2 1 1= +  = −y x x y   B1 Correct substitution used in equation. 

 ( ) ( ) ( ) ( )
21 1 1 1

16 8 4 2

4 3
1 1 1 1 1 0− + − + − + − + =y y y y   

( ) ( ) ( ) ( )21 1 1 1
16 4

4 3 2 3

8 2

24 6 4 1 3 3 1 2 1 1 1 0− + − + + − + − + − + + − + =y y y y y y y y y y  

M1 A1 Expands. 

 1 1 1 1 11
16 8 4 8 1

4

6

4 3 2 3 20 2 4 2 11 0− + + + =  − + + + =y y y y y y y y   A1 Simplifies, AG. 

  4  

 (b)  2
2 2 2(4)= −S  M1 Uses 

2 2 2 2 2)

)

(

2(

       

     

+ + +

+ + +

+

+

+

+

= +

+
  

 
2 4= −S   A1  

  2  

 (c)  
4 3 2 12 4 2 44 0− + + + =S S S S   M1 Sums over roots. 

 
4 76= −S   A1  

  2  
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    43  - (9231/12_Winter_2025_Q2  )

 (a)  ( ) 2  − += + = −b   B1  

 23 ( 2) 2= − − c   M1 Uses formula for sum of squares. 

 1
2

=c   A1  

  3  

 (b)  
3 2 1 3 0+ + + =S bS cS d   M1 Uses original equation or formula for 

sum of cubes. 

 
3 3 2 3 5 3= − − − = −S b c d d  A1FT Allow FT from part (a) for their value. 

 24 3 1 0+ + + =S bS cS dS   M1 Uses original equation. 

 ( )( ) 71
2 2

5 ( 2)(5 3 ) 3 2 0 8 0+ − − + + =  − =d d d   A1FT Allow FT from part (a) for their value 

and for their value of 3S . 

 7
16

=d   A1 CAO 

  5  
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      44  - (9231/14_Winter_2025_Q2  )

 (a)   = −d   B1 SOI 

 1
 


+ + = −b   

M1 
Uses   + + = −b  and replaces 

1
   with  .


 OE 

 1



+ = −d b   

A1 AG. 

  3  

 (b)  
1


−− + =

d
d c   

M1 Uses .  + + = c   

 1 1




−
+ =

c

d
  

A1 AG. 

  2  

 (c)(i)  21 3
3 3 4 0

+
− =  − − =d d d

d
  

M1 Equates expressions given in (a) and (b), with correct 
use of coefficients. 

 4=d   A1 4=d only for final answer. 

  2  

 (c)(ii)  2 2 2 2 2  + + = −b c   M1 2 2 2 2( 2) ( )        + + ++ ++ = −  with 

correct use of coefficients. 

 15   A1  

  2  
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