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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

1-(9231/11_Summer_2020_Q2)
The cubic equation 6x° +px? —3x—5 = 0, where p is a constant, has roots a, 3, y.

(a) Find a cubic equation whose roots are a?, 2, y°. [3]

(b) Itis given that o+ 8%+ 72 = 2(a+B+7).

(1) Find the value of p. [3]

(i) Find the value of o + 8+ 2. [2]

2-(9231/12_Summer_2020_Q2)

The cubic equation 6x3 +px? —3x—5 = 0, where p is a constant, has roots a, f3, 7.

(a) Find a cubic equation whose roots are o, B2, y°. [3]

(b) Itis given that o® + B2 +y% = 2(a+pB+7).

(i) Find the value of p. [3]

(i) Find the value of a®+ 83 + . [2]

3-(9231/13 _Summer_2020 Q1)

The cubic equation 7x3 +3x? +5x+1 = 0 has roots a, S, 7.

(a) Find a cubic equation whose roots are o %, 8%, y L. [3]
(b) Find the value of @ 2+ 82 +y 2. [2]
(c) Findthevalueof a3 +8 3 +y73 [2]
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

4-(9231/11_Winter_2020_Q3)

The cubic equation x3+cx+1 = 0, where ¢ is a constant, has roots a, 3, y.

(a) Find a cubic equation whose roots are o, 8%, y°. [3]

(b) Show that a® + % +¢® = 3—2c3. [3]
1 as ﬁ3

(c) Find the real value of ¢ for which the matrix {@® 1 y3|is singular. [5]
Byl

5-(9231/12_Winter_2020_Q1)

The cubic equation x* +bx?+cx+d = 0, where b, ¢ and d are constants, has roots «, S, y. It is given
that afy =—1.

(a) State the value of d. [1]

(b) Find a cubic equation, with coefficients in terms of b and c, whose roots are ¢ +1, f+1, y+1.

(3]
(c) Given also that y+1 =—a—1, deduce that (c—2b+3)(b—3) =b—c. [4]
6 - (9231/13_Winter_2020_Q3)
The cubic equation x* +cx+1 = 0, where c is a constant, has roots a, f3, 7.
(a) Find a cubic equation whose roots are o, 8°, y°. [3]
(b) Show that a® + % +y® = 3—2c3. [3]
1 o8 B
(c) Find the real value of ¢ for which the matrix [@® 1 2] issingular. [5]
Byl
=
o
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

7-(9231/11_Summer_2021_Q3)

The equation x*—2x3—1 =0 has roots @, 8, 7, 6.

(a) Find a quartic equation whose roots are o, 33, v3, 8° and state the value of o® + 8% +7° +8°.

[4]
(b) Find the value of %+; + % + %. 3]
(c) Find the value of a* + g% +y* + 6. [2]

8-(9231/12_Summer_2021 Q3)
The equation x* —2x®—1 =0 has roots a, S, 7, 6.

(a) Find a quartic equation whose roots are o, 83, y*, 8% and state the value of o® + 8%+ + 83,
Y Y

[4]

(b) Find the value of $+ #+%+§. 3]

(c) Find the value of a* + g% +y* + 8. [2]

9-(9231/13_Summer_2021_Q2)

The cubic equation 2x* —4x®+3 = 0 has roots o, B, v. Let S =a"+p"+y".

(a) State the value of S, and find the value of S,. [3]

(b) (i) ExpressS _,intermsof S ,andS.. [1]

(i) Hence, or otherwise, find the value of S,. [2]

(c) Use the substitution y =S, —x, where S, is the numerical value found in part (a), to find and
simplify an equation whose roots are a+ 3, B+vy, y+«. [3]

(d) Find the value of —~— + -+ 4 1 2]

a+pB Bty v+a’
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

10 - (9231/11_Winter_2021_Q1)
It is given that
a+B+y=3, oa’+p*+y*=5 o*+p3+y°=6.
The cubic equation x* +bx?+cx+d = 0 has roots a, 8, .

Find the values of b, ¢ and d. [6]

11 - (9231/12_Winter_2021_Q4)

The cubic equation x> +2x*+3x+3 = 0 has roots «, S, 7.

(a) Find the value of a® + 8% +y°. [2]
(b) Show that a®+ 8% +7° = 1. [2]

(c) Use standard results from the list of formulae (MF19) to show that

Z((O(+ N3+ (B+1)%+(y+nd) = nJr%n(nJrl)(an2 +bn+c),
r=1
where a, b and c are constants to be determined. [6]

12 - (9231/13_Winter_2021_Q1)
It is given that
a+B+y=3, a*+p*+y’=5 o +B83+y3=5s.
The cubic equation x* +bx?+cx+d = 0 has roots a, 3, 7.

Find the values of b, ¢ and d. [6]
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

13-(9231/11_Summer_2022_Q4)

The cubic equation 2x* +5x* —6 = 0 has roots a, f3, .

() Find a cubic equation whose roots are % ig ig [3]
o BTy
(b) Find the value of % 4 # 4 % [3]
(c) Find also the value of ig + ig + lg [2]
o By
14 - (9231/12_Summer_2022_Q4)
The cubic equation 2x® +5x? —6 = 0 has roots a, f3, y.
(a) Find a cubic equation whose roots are % % % [3]
a BTy
(b) Find the value of %+é+%. 3]
(c) Find also the value of ig + ig + ig [2]
o By
15 - (9231/11_Winter_2022_Q1)
The cubic equation x* +bx?+d = 0 has roots «, 8, ¥, where o = 8 and d # 0.
(@) Show that 4b®+27d = 0. [5]
(b) Given that 2a% +y? = 3b, find the values of b and d. [3]
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

16 - (9231/12_Winter_2022_Q2)

The equation x* +3x% +2x+6 = 0 has roots a, 3,7, 5.

. . . 1 1 1 1 1,1 .1 1
(a) Find a quartic equation whose roots are 2 F ? 5 and state the value of 2 + E + F + 57
[4]
(b) Find the value of B2y?8% +a®y28° +a’B28% + a® 2 y2. [3]
(c) Find the value ofé+#+%+%. [2]
17 - (9231/13_Winter_2022_Q1)
The cubic equation x* +bx?+d = 0 has roots a, 3, y, where a = 8 and d # 0.
(@) Show that 4b®+27d = 0. [5]
(b) Given that 2 +7y2 = 3b, find the values of b and d. [3]
18-(9231/11_Summer_2023_Q2)
The cubic equation x® +4x? +6x+1 = 0 has roots o, S, 7.
(a) Find the value of a® + 8%+ . [2]
(b) Use standard results from the list of formulae (MF19) to show that
n
D ((@+n?+(B+n2+(r+n?) =n(n*+an+b),
r=1
where a and b are constants to be determined. [6]
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

19-(9231/12_Summer_2023_Q2)

The cubic equation x® +4x? +6x+1 = 0 has roots o, S, 7.

(a) Find the value of o + % +7°. [2]

(b) Use standard results from the list of formulae (MF19) to show that

n

Z((a+r)2+(ﬁ+r)2+(y+r)2) =n(n*+an+b),

r=1

where a and b are constants to be determined. [6]

20-(9231/13_Summer_2023_Q3)

The equation x* —x?+2x+5 = 0 has roots «, S, 7, 6.

a) Find a quartic equation whose roots are o, 82, y2, 82 and state the value of o® + B + v + 52.
q q Y Y

[4]
. 1,1 1 1
(b) Find the value Of?+ﬁ+p+§' [3]
(c) Find the value of a* + 8% +y* +6*. [2]
21-(9231/13 Summer_2023 Q7)
2
The curve C has equation y = %
(a) Find the equations of the asymptotes of C. [3]
(b) Find the coordinates of the turning points on C. [3]
(c) Sketch C. [3]
2 2
z (d) Sketch the curves with equations y = %X;l‘ and y° = %X;l on a single diagram,
; clearly identifying each curve. [4]
s
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

22 -

23-

24 -

(9231/11_Winter_2023_Q3)

The quartic equation x* + x> +cx* +dx—2 = 0 has roots a, 8, v, 8. It is given that

a+B+y+8=3, o>+ +yr+87 =5, a '+ +y T+ =6
(@) Find the values of b, c and d. [6]
(b) Given also that o + 8% +v° +8° = —27, find the value of a* + 8% +y* +6*. [2]

(9231/12_Winter_2023_Q4)
The cubic equation 27x* +18x* +6x—1 = 0 has roots «, 8, 7.
(a) Show that a cubic equation with roots 3a+1, 38+1, 3y +11is

y =y +y-2=0. [3]
The sum Ba+1)"+(3B+1)"+ 3y +1)" is denoted by S .

(b) Find the values of S, and S,. [4]

(c) Find the valuesof S_, and S_, . [3]

(9231/13_Winter_2023_Q3)

The quartic equation x* +bx> +cx* +dx—2 = 0 has roots , S8, v, 8. It is given that

a+pB+y+8 =3, oa? +B+yr+87 =5, a '+ +y I +57 =6,
(a) Find the values of b, c and d. [6]
(b) Given also that o + B> + 7y +8° = —27, find the value of o* + 8% +y* +8*. [2]
2020-2025 8 of 1076
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

25-(9231/11_Summer_2024_Q1)

The cubic equation 2x* +x* —px—5 = 0, where p is a positive constant, has roots a, f3, v.

(a) State, in terms of p, the value of a3+ By +ya [1]
(b) Find the value of By +af?y +apy?. [2]
(c) Deduce a cubic equation whose roots are af3, By, oy . [1]
(d) Giventhat o+ B> +y* =1, find the value of p. [2]

26 -(9231/12_Summer_2024 Q1)

The cubic equation 2x* +x* —px—35 = 0, where p is a positive constant, has roots o, S, y.

(a) State, in terms of p, the value of a3+ By +yva [1]
(b) Find the value of a®By +aB%y +aBy>. [2]
(c) Deduce a cubic equation whose roots are af, By, ay. [1]
(d) Giventhat o®+ B> +y* =1, find the value of p. [2]

27 -(9231/13_Summer_2024_Q2)

The cubic equation x* +2x®+3x+1 = 0 has roots a, 3, 7.

(a) Find a cubic equation whose roots are o +1, B2 +1, y? +1. [3]
2 2 2

(b) Find the value of (a2 +1) +(8%+1) +(y2+1)". 2]

() Find the value of (o2 +1)° + (g2 +1) +(y2 +1)°. 2]
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

28 - (9231/11_Winter_2024_Q3)

The quartic equation x*+2x*> —1 = 0 has roots @, 3,7, 8.

(a) Find a quartic equation whose roots are o*, 8%, y*, 8* and state the value of o* +g* +y* +8*.

(b) Find the value of a® + > +7° +68°. [3]

(¢) Find the value of o® + 8% +y® +68°. [2]

29 - (9231/12_Winter_2024_Q3)

It is given that

a+pB+y+8=2
of +pE+y*+8% =3,
o +p Y+ =4

(a) Find the value of a+ay+ad+ By +p5+7v4. [2]

(b) Find the value of o’ B+’ y + oS+ B*a+ B>y + B +y a+y*B+y? 5 +8%a+82B+8%y. [3]

(¢) Itis given that o, B, v, & are the roots of the equation
6x* —12x° +3x* +2x+6 = 0.

(i) Find the value of a* + B* +y* +6*. [3]

(ii) Find the value of o’ +8° +7° +8°. [2]

30 - (9231/13_Winter_2024_Q3)
The quartic equation x* +2x* —1 = 0 has roots a, 8,7, 8.

(a) Find a quartic equation whose roots are o, %, y*, 8* and state the value of a* + g% +y* +5*.

[5]

(b) Find the value of &® +3° +7y° +8°. [3]

(¢) Find the value of a8+ﬁ8+y8+58. [2] é
2020-2025 10 of 1076 =
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

31-(9231/21_Winter_2024_Q4)

The matrix A is given by

—-11 1 8
A= 0 -2 0]
—-16 1 13
1
(a) Show that |1 | is an eigenvector of A and state the corresponding eigenvalue. (2]
1

(b) Show that the characteristic equation of A is A*—19A4—-30 =0 and hence find the other
eigenvalues of A. [3]

(¢) Use the characteristic equation of A to find A" [4]

32-(9231/22_Winter_2024_Q4)

(a) Use de Moivre’s theorem to show that

cot®0—15cot*0+15cot’0—1

cot60 = 3 3 [6]
6cot”0—20cot’ 0+ 6cotO
(b) Hence obtain the roots of the equation
x0—6x° —15x* +20x° + 15x* —6x—1 =0
in the form cot(qm), where ¢ is a rational number. [4]
33-(9231/23_Winter_2024_Q1)
Find the set of values of k£ for which the system of equations
xX+5y+6z=1,
kx+2y+2z=2,
—3x+4y+8z =3,
has a unique solution and interpret this situation geometrically. (4]
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

34- (9231/23_Winter_2024_Q4)

The matrix A is given by

-1 1 8
A= 0 -2 0]
—-16 1 13
1
(a) Show that | 1] is an eigenvector of A and state the corresponding eigenvalue. [2]

1

(b) Show that the characteristic equation of A is A*—194—30=0 and hence find the other
eigenvalues of A. [3]

(¢) Use the characteristic equation of A to find Al [4]

35-(9231/11 Summer_2025 Q2)

The cubic equation x° +2x+ 1 = 0 has roots o, 3, 7.

(a) Find a cubic equation whose roots are o’ —1, ﬁ3 -1, 73 —1. [3]
- 3V 3V 3V

(b) Find the value of (& —1) +(8° —1) +(y*—1)". 2]

(¢) Find the value of (a3 - 1>3 + <ﬁ3 - 1)3 + <y3 - 1)3. [2]

36- (9231/12_Summer_2025_Q2)

The cubic equation x> 4+2x+1 = 0 has roots @, B,y.

(a) Find a cubic equation whose roots are a’—1, ﬂ3 -1, }/3 —1. [3]
. 3.\ 34\ 34\
(b) Find the value of (& —1) +(8° —1) +(y*—1)". 2]
3 3 3
(¢) Find the value of (& —1) + (8 —1) +(y*—1)". 2]
2020-2025 12 of 1076
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

37-(9231/13_Summer_2025_Q3)

The quartic equation x*+7x% +3x+22 = 0 has roots ¢, B,7,9.

(a) Find the value of o + 8% + 7% +68°. [2]
(b) Find the value of o* + 8% +y* +68*. [2]
(¢) Use standard results from the list of formulae (MF19) to find the value of

i((az + r>2 + (ﬁ2 + r)2 + (y2 + r)2 + (52 + r>2>. [5]

r=1

38- (9231/14_Summer_2025_Q4)

The cubic equation x° +bx?+cx—1 = 0, where b and ¢ are constants, has roots a, 3, 7.

1 a B
It is given that the matrix (¢ 1 7| is singular.
B v 1
(a) Show that o> +8% +y? = 3. [4]

(b) Itis given that & + % +7° = 3 and that the constants b and c are positive.

Find the values of b and c. [6]

39-(9231/21_Summer_2025_Q1)

Find the roots of the equation z°® = 27 —27i, giving your answers in the form re', where » > 0 and
<0 <T. [5]

40- (9231/23_Summer_2025_Q5)

(a) Use de Moivre’s theorem to show that

5
sec 56 = 7] sec” 6 5 . [6]
5sec’@—20sec“60+16

(b) Hence, obtain the roots of the equation
V3x®—10x* +40x* —32=10

in the form sec(q), where ¢ is rational. [4]
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

41- (9231/24_Summer_2025_Q5)

(a) Use de Moivre’s theorem to show that

sin760 =—64sin’ 0+ 112sin° 6 — 56 sin’ 6+ 7 sin 6. [5]

(b) Hence find all roots of the equation
64x® —112x* +56x* =7 =0

in the form sin g7, where ¢ is a rational number. [3]
42 - (9231/11_Winter_2025_Q4)

The quartic equation x*+x* +x* +x+1 = 0 has roots «, B,7v,d.
(a) Show that a quartic equation with roots 2a+1,28+1,2y+ 1,26+ 1 is
y =2y +4y* +2p+11=0. [4]
The sum 2a+1)"+(2B+1)"+ 2y +1)"+(26+1)" is denoted by S .
(b) Find the value of S,. (2]

(¢) Given that S; =—22, find the value of §,. (2]

43 - (9231/12_Winter_2025_Q2)

The cubic equation x +bx +cx+d =0, where b, ¢ and d are constants, has roots o,  and 7. It is

given that
at+pB+y=2,
o +B%+y* =3,
ot + gt +yt =5,
(a) Find the values of b and c. [3]
(b) Find the value of d. [5]
=
o
=
z
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

44 - (9231/14_Winter_2025_Q2)

The cubic equation x° +bx* +cx+d = 0, where d # 0, has roots a, S, ¥ such that y = 1

5
(a) Show that ﬁ+% —d—b. 3]
(b) Show also that 3+ % _1 < 2]
(¢) Itisgiventhathb=3,c=—-3and d > 0.
(i) Find the value of d. [2]
(ii) Find the value of o® + 8% + 7. [2]
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

1-(9231/11_Summer_2020 Q2)

@ y=x B1
6y%+py—3y%—5:0:>y%(6y—3):—py+5 M1
y(6y—3)* = (—py+5)> = y(36y” —36y+9) = p’y* ~10py + 25
36y° —(p*+36)y? + (10p+9)y—25=0 Al

3
(b)(i) s p?+36 Bl
a‘+p+y =
B+ 7 %
2 M1
P30 2P 12 1op436-0
36 6
3

O)A) | 6P+ B2+ ) =6(a® + B2 + 1) + 3+ B+ ) +15 M1

o+ B+ =5 Al

2
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CIE A-Level

Further Mathemaics(9231)-P1&P2

CH1 -

Roots of polynomial equations

2 -(9231/12_Summer_2020_Q2)

@ y:x2 B1
6y + py—3y’ —~5=0= y? (6y—3)=—py+5 M1
y(6y—3)* = (—py+5)* = y(36y” —36y+9) = p’y* —10py+ 25
36y° - (p® +36)y* + (10p+9)y—25=0 Al

3
(b)(i) ), p?+36 Bl
o+ p+y =
B+ %
2 M1
P36 2P 2 1op+36=0
36 6
3

O)I) | 6P+ B2+ ) =6(a? + 2 + 1) + 3+ B+ ) +15 M1

A+ B+ =5 Al
2
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

3-(9231/13_Summer_2020_Q1)

@ y=x" Bl

7y +3y 2 +5y ' +1=0= y*+5y* +3y+7=0 M1A1l

3

(b) o+ B+ y?=(-57-2(3)=19 M1A1l

(©) a2+ B3+ y3=-5(19)-3(-5)-21=-101 M1A1

4
2020-2025 18 of 1076 g
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CIE A-Level

Further Mathemaics(9231)-P1&P2

4-(9231/11_Winter_2020_Q3)

CH1 - Roots of polynomial equations

@ | y=x®=x=y? B1 | Substitutes.
y+cy? +1:0:>—c3y:(y+1)3 =y3+3y? +3y+1 M1 | Correct attempt to eliminate cube root.
y*+3y?+(3+¢%)y+1=0 Al
3
(b) o+ R+ ==3 ®B+ B + 0 =3+ B1FT | Using their answer to (a).
o®+ B0+ 9% =(-3)° - 2(3+¢%) ML | o8+ B8+ 98 =+ B3+ ¥ - 2(0° % + B3 + °ar)
=3-2¢ Al | AG
3
(©) By =-1 B1 | If using their answer to (a) FT
1 & B M1A1 | Evauates determinant.
@ 1 Pl=1-(a®+p°+7°)+22° % = 2c° -4
F 7o
2c3-4=0 M1 | Setsdeterminant equal to zero.
c=%2 Al
5
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

5-(9231/12_Winter_2020_Q1)

(@ |d=1 B1
1
(b) y=Xx+1l=x=y-1 B1 | Uses correct substitution.
v +(b-3)y*+(c—2b+3)y+b—c=0 M1 A1 | Substitutes and expands.
Alternative method for question 1(b)
(@+)(B+)+(@+)Y(y+D)+(B+D(y+D)=c—2b+3 Bl
(+1+ f+1+y+1)=3-b, (¢+D)(B+D)(y+D)=c-b M1 | Using these relationships.
v +(b-3)y*+(c-2b+3)y+b—c=0) Al
3
© | B+1=—(b-3) B1 | Uses sum of roots.
—(a+D)(a+D)=c-2b+3 B1 | Usessum of productsin pairs.
~(a+1)(B+1)(a+1)=—(b-c) M1 | Applies product of roots.
= (c-2b+3)(b-3)=b-c Al|AG
4
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CIE A-Level

Further Mathemaics(9231)-P1&P2

6 - (9231/13_Winter_2020_Q3)

CH1 - Roots of polynomial equations

@ y=x3=x=y? B1 | Substitutes.
y+ cy% +1=0= —cgy:(y+1)3 =y +3y? +3y+1 M1 | Correct attempt to eliminate cube root.
y*+3y%+(3+¢%)y+1=0 Al
3
(b) P+ B+ =-3 B+ P+ =3+c B1FT | Using their answer to (a).
o+ B0 +y°=(-3)" -2(3+¢°) ML a®+ B8+ 9% =(a®+ B2+ °)2 - 20 B + B°)° + o)
=3-2¢3 Al | AG
3
(© By =-1 B1 | If using their answer to (a) FT
1 o B M1A1 | Evaluates determinant.
@ 1 Pl=1-(a®+ 0+ )+ 22° P =2c° -4
g7
2¢3-4=0 M1 | Setsdeterminant equal to zero.
c=32 Al
5
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

7-(9231/11_Summer_2021 Q3)

(@ y=x B1 | Correct substitution.
yi—2y-1=0= y* = (2y +1)° =8y® +12y* + 6y +1 M1 | Obtainsan equation not involving radicals.
y*—8y*—12y* -6y -1=0 Al
0{3+ﬂ3+73+53=8 B1FT
4
b 3233 33 3,353 3,353 M1 1 1 1 1 o
() 1,1, 1.1 afo+ap r+Bre’+a’ys’ 6 A1FT | Rélates = +—-+—+-— to coefficients.
3 ,53 73 53 a3ﬂ3;/3§3 -1 o ,B 7,3 S
-6 Al
3
(©) A+ S =2+ B+ + 0+ 4 M1 | Usesorigina equation.
=20 Al
2
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CIE A-Level

Further Mathemaics(9231)-P1&P2

8-(9231/12_Summer_2021_Q3)

CH1 - Roots of polynomial equations

(@ y=x3 B1 | Correct substitution.
yi—2y-1=0= y* = (2y+1)°®=8y* +12y? + 6y +1 M1 | Obtains an equation not involving radicals.
y* -8y’ -12y* - 6y-1=0 Al
0{3+,B3+}/3+§3=8 B1FT
4
b 303 ¢3 33 3,3¢3 3,3¢3 M1
®) %+%+% %:aﬂ J +aﬂ3;‘/;:7,3353/6 +ayo :% A1ET Relatesi3+%+%+% to coefficients.
o o - o
-6 Al
3
© | +p+/+5 =2+ P+ +5%)+4 M1 | Usesoriginal equation.
=20 Al
2
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

9-(9231/13_Summer_2021_Q2)

(@ S =2 B1
S = 512 —2(0) M1 | Usesformulafor sum of sguares.
=4 A1l | Correct answer impliesM1A1.
3
(b)(i) Sus=25.,-35 B1 | CAO or asasinglefraction.
1
(b)(ii) S,=25,-35=2(25,-3g)-3 M1 Usestheir;ecursiveformulafrom part (i) to find
S, [s=1]
=4 Al
2
(©) X=2-y B1| SOl
2(2-y)® —4(2-y)>+3=0 M1 | Makestheir substitution.
2y®-8y? +8y—3=0 A1l | OE but must be an equation.
3
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CIE A-Level

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

(d)

I\J‘(L) ||\J\oo

OR
Or use 2S, —8S +8S, —3S ; =0 with substitution of their values

M1

Uses Lo L L aBvlyeye
a By a'B'y

_8
3

AL1FT | FT from 2(c).

10 - (9231/11_Winter_2021_Q1)

b=—(a+p+y)=-3 Bl
5=3 - 2(af+ By + nx) M1A1 | Usesformulafor sum of squares.
c=2 Al
6-3(5)+2(3)+3d=0 M1 | Usesorigina equation or formulafor sum of cubes.
[Equation is x® —3x? + 2x+1=0 ] Al
d=1
6
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

11-(9231/12_Winter_2021_Q4)

(@ (-2)2-2(3) M1 | Usesformulafor sum of squares.
-2 Al
2
(b) P+ B+ =-2-2)-3-2)-3(3 M1 | Usesorigina equation or formulafor sum of cubes.
1 Al | AG
2
(© (+1)° =a®+3a% +3ar? +1° B1 | Expands.

n n X . M1 A1 | Collectslike terms and uses results from parts (a) and
;(((xﬂ) +(B+r) +(y+1) ) rZl:(l+3(—2)r+3(—2)r +3r°) (b).
n-6(in(n+1)-6(in(n+1)(2n+1))+2n’(n+1)>? M1 | Appliesformulae from MF19.
n-3n(n+1)-n(n+1(2n+1) +3n’(n+1)?
n+2n(n+1)(-12—4(2n+1)+3n(n+1)) M1A1 | Simplifies.
n+2n(n+1)(3n* -5n-16)

6
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CIE A-Level

12 - (9231/13_Winter_2021_Q1)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

b=—(a+p+y)=-3 Bl
5= —2Aaf+ Py + ) M1A1l | Usesformulafor sum of squares.
c=2 Al
6—-3(5)+2(3)+3d=0 M1 | Usesorigina equation or formulafor sum of cubes.
[Equation is x® —3x? + 2x+1=0 ] Al
d=1
6
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

13-(9231/11_Summer_2022_Q4)

@ y=x3=x=y* B1 | Substitutes.
216y° — 216y* —53y—8=0 Al

Alternative method for question 4(a)

(2 -6)* = (-5x%)3 M1 | 8x? —72x5 +125x° + 216x* —216=0
y=x"2leadingtox®=y* B1 | Substitutes.
216y° — 216y* —53y—8=0 Al
3
(b) ad v pieyt=1 a2 pY Ry g = _ 8 B1FT | Using their answer to part (a).
(Z—6 + ﬂ_e + 7/_6 :12 — 2(—%) M1 a_e + ﬂ_a + 7—6 — (a—3 +ﬁ_3 + 7/—3)2 _

2(a73ﬂ73 + ﬂ73}/73 + }/73a73)

a_6+ﬂ_6+7_6:% Al
3
(© 216S , =216S  +53S ;+ 24 M1 | Using their
2160 ° - 2160 °-53232-8=0

— 399 _ 133 -
Se=38=5 Al :
2020-2025 28 of 1076 g
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CIE A-Level

Further Mathemaics(9231)-P1&P2

14 -(9231/12_Summer_2022 _Q4)

CH1 - Roots of polynomial equations

€Y y= X3 = x= y_% B1 | Substitutes.
216y° - 216y* —53y—8=0 Al
Alternative method for question 4(a)
(2x% - 6)® =(-5x%)* M1 | 8x° - 72x® +125x° + 216x° - 216=0
y= X2 leadi ng to e = y! B1 | Substitutes.
216y° - 216y* —53y—8=0 Al
3
-3 -3 -3 -3 - -3 3 _ . .
(b) a1 @Y a8 B1FT | Using their answer to part (a).
at+p =T 2(—25—13;3) ML o184y =+ +y )2 -
Z(a—3ﬂ—3 + ﬂ_37_3 + 7/—3a—3)
a_6+ﬂ_6+7/_6:% Al
3
(© 216S , = 216S , +53S , + 24 M1 | Using their
2160 ° - 2160 °-532°-8=0
: S, :% :% Al
7 2
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CIE A-Level

15 - (9231/11_Winter_2022_Q1)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

(a) 20 +y=-b Bl
a’+2ay=0
a=-2y leadingto -4y +y=-b M1 | Solves simultaneous equations, or, express b and d
interms of o and y.
=1 =-2 Al
y=3b a==3b b=37/=—%a and d =-a’y.
o’y =—d leading to 24 b’ =—d leading to 4b* +27d =0 M1 Al | Substitutes into third equation, AG.
5
(b) 3b=b leading to b=3 MLAL | Uses 202+ = (2a+ ;/)2 - 2(0{2 + 20@/) or
substitutes for «,y in terms of b.
d=-4 Al
3
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CIE A-Level

Further Mathemaics(9231)-P1&P2

16 - (9231/12_Winter_2022_Q2)

CH1 - Roots of polynomial equations

(a) y=x" leading to X = y*% B1 | Correct substitution.
y2+3y " 42y 2 +6=0 leading to 1+3y+2y? +6y> =0 M1 ?aztiigi:an equation not involving
36y* +32y° +21y* +6y+1=0 Al
%+#+7/_12+%:_%:_% B1FT
4
(b) afyd =6 B1 | SOI
1 1 1 1 &B5+a’fyr+ B0 +a*y’s’ M1 | Relates to coefficients.
;+F+7+§= a’ s’
Byt +a’y’stal PSR +at Byt =-32 Al
3
(©) 1 1 1 1 1 1 1 | 2 M1 | Uses formula for sum of squares.
?+F+7+y=(?+ﬁ+y—z+§]
—2(a’2ﬂ’2 raytra o i+ Iy fO T+ 7/’25’2)
=(-5) -2(%)
_% Al
2

W.EXAMINENT.COM

2020-2825

mmmmmmmmmmmmm

31 of 1076

uuuuuuuuuuuuuu



CIE A-Level

17 - (9231/13_Winter_2022_Q1)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

(a) 20+y=—b Bl
a’+2ay=0
a=-2y leading to 4y +y=-b M1 | Solves simultaneous equations, or, express b and d
interms of & and ¥ .
=1 =_2 Al
y=3b a==3b b=37/=—5a and d =—a’y.
a’y =—d leading to %b3 =—d leading to4h> +27d =0 M1 Al | Substitutes into third equation, AG.
5
(b) 3b=b" leading to h=3 M1AL| Uses 2% + 7% = (2a+ ;/)2 - 2(0{2 + 2057/) or
substitutes for a,y in terms of b.
d=-4 Al
3
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CIE A-Level

Further Mathemaics(9231)-P1&P2

18-(9231/11_Summer_2023 Q2)

CH1 - Roots of polynomial equations

€) (—-4)% - 2(6) M1 | Usesformulafor sum of squares.
4 Al
2
(b) (a+ r)2 =a®+2ar +r? B1 | Expands.

. n ) M1A1 | Collectsliketermsand uses a + f+ A =-4 and
;((aﬂ) ('BH +Hr+r) ) ;(4+2(—4)r+3r ) their result from part (a).
4n-4n(n+1)+4in(n+1)(2n+1) M1 | Applies formulae from MF19.
—4n’ +in(n+1)(2n+1) M1AL1 | Simplifies.
=n(—4n+%(2n2+3n+1))
=n(n2—§n+%)

6
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

19-(9231/12_Summer_2023_Q2)

) (-4)% - 2(6) M1 | Usesformulafor sum of squares.
4 Al
2
() (05+r)2=052+205r+r2 B1 | Expands.
n n M1A1 | Collectsliketermsand uses o + f+ A =—-4 and
2 2 2\ 2
;((QH) H(Brr) +(r+r) )_§(4+2(—4)r+3r ) their result from part (a).
4n-4n(n+1)+in(n+1)(2n+1) M1 | Appliesformulae from MF19.
—4n” +in(n+1)(2n+1) M1A1 | Simplifies.
=n(—4n+%(2n2+3n+1))
=n(n2—%n+%)
6
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CIE A-Level

Further Mathemaics(9231)-P1&P2

20-(9231/13_Summer_2023_Q3)

CH1 - Roots of polynomial equations

(€Y y=x* %0, x=y? B1 | Correct substitution.
) 2 . . . o icals.
V2 y+2yt 15=0 0, (Zyi) _ (—y2 N y—5)2 M1 | Obtainsan equation which eliminates radicals
y*—2y3 +11y? —14y+25=0 Al
a2+ﬂ2+}/2+52=2 B1FT
4
(b) a?pPy252 =25 B1FT
1 1 1 1 &*p%%+a’p?y*+ f%25% + a®y?s? M1 | Relatesto coefficients.
PN B
14 Al | CAO
25
3
(@) atr Byt = (az Ny 52)2 M1 | Usesformulafor sum of squares or uses original equation.
_ 2(a2ﬂ2 + az}/z L a5+ ﬂ272 + ﬂzé‘z + 7252)
=22-2(11)
-18 Al
2
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CIE A-Level

21-(9231/13 Summer_2023 Q7)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

(@ x=3 Bl | Statesvertical asymptote.
:(X_s)(x+5)+16=x+5+£ M1 | Finds oblique asymptote.
x-3 X-3
y=X+5 Al
3
(b) Q:l— 16 0= (x—-3)? =16 M1 | Differentiates and sets equal to zero.
dx  (x-3)
x=-17 A1l | Finds x-coordinates
(-1,0),(7,16) A1l | States coordinates of turning points.
3
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CIE A-Level

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

(©

y4

B1FT

Axes and |abelled asymptotes.

Bl

Upper branch correct.

v

Bl

Lower branch correct and no additional branches.

W.EXAMINENT.COM
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

(d) y 4 B1FT | Clear labels, axes and their vertical asymptote.
X2+ 2X+ 1‘ B1FT
S e —— 2
x-3 - X+—2);+1 correct, FT from their sketch in (c).
X —
Bl X2+ 2X+

Upper branch of y? = 3 1 (positive square root).

» X +2x+1

_ B1FT 2
X=3 Lower branch of y? =X+—2);+1 (negative sguare root).

X2+ 2x+1]
X—-3

FT from previous mark.

v

» X +2x+1
X-3
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CIE A-Level

22 -(9231/11_Winter_2023_Q3)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

(a) b=—(a+,8+7+5)=—3 Bl
5 z(_3)2 —2af+ay+ads+ By + LS+ y5) M1 Al | Uses formula for sum of squares.
c=2 Al
6:aﬂ7+ﬁ75+75a+5a/3:ﬂ M1 | Uses
afys ) R S I S apfy + Byd + yoo + 5aﬂ'
afyo
d=12 Al | Equation is X* —3x* +2%* +12x—2=0.
6
(b) o+t st =3(-27)-2(5)-12(3)+2(4) M1 | Uses their quartic equation derived in (a).
-119 Al
2
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

23-(9231/12_Winter_2023_Q4)

(a) y=3x+I=>x=1(y-1) B1 | Substitutes.
3 2
—o7[ Y] +18[y—_1 vol Y= 1=0
3 3 3
=(y-1) +2(y-17 +2(y-1)-1=0 M1
=y —3y? +3y—1+2y? —4y+2+42y-2-1=0 Expands.
y3_y2+y_2=0 Al AG
3
(b) S, =1>-2(I)=-1 M1 Al | Uses formula for sum of squares, AG.
S, =@a+1y +BB+1)’ +@y+1y’ =—1-(1)+6 M1 | Uses y* = y* —y+2 or expands and
uses original equation.
4 Al
4
(c) s - Ba+D)(38+1)+(3+1)(3y+1)+(By+1)Ba+1) 1 Bl
o Ga+)(34+1)(37+1) 2
25 ,=8,-3+S_=1-3+1 M1 | Uses 2y 2 =y—-1+y7"
S,=-3 Al | CAO
3
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CIE A-Level

24 -(9231/13_Winter_2023_Q3)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

(a) b=—(a+B+y+5)=-3 B1
5— (_3)2 —Aaf+ay+ad+ By + BS+yS) M1 Al | Uses formula for sum of squares.
c=2 Al
6:aﬂy+ﬁy§+y§a+6aﬁ:ﬂ M1 | Uses
afys -2 T S Ry S affy + Byo + yoa +5aﬂ‘
affyo
d=12 Al | Equationis X* —3x* +2%> +12x—2=0.
6
(b) gyt st = 3(-27)-2(5)—12(3)+2(4) M1 | Uses their quartic equation derived in (a).
-119 Al
2
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CIE A-Level

25-(9231/11_Summer_2024 Q1)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

@ ~ip B1
1
(b) ap’y+a’Py+apy’ =apy(f+y+a)=%(-1) M1 | Factorises.
_% Al
2
(© 47° +2pz* —-52-25=0 B1FT | OE
FT ontheir value of af + Sy + ya (intermsof p).
1
(d) i=14+p M1l Uses a?+ g2 +y2 =(a+B+7) - 2af+ By + ya)
p=% Al | CAO
2
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CIE A-Level

26 - (9231/12_Summer_2024_Q1)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

@ |-1p B1
1
(b) aﬂ2y+a2ﬂ}/+aﬂ)/2=aﬂ7/(ﬂ+;/+a)=§(— M1 | Factorises.
_% Al
2
(©) 47% +2pz? -5z-25=0 B1FT | OE
FT ontheir value of aff + By + ya (intermsof p).
1
(d) 3=%+P M1 Us&sa2+ﬂ2+y2=(a+,b’+7)2—2(a,8+,b’y+ya)
p=1 Al| CAO
2
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

27 -(9231/13_Summer_2024_Q2)

(@ y=x*+1 B1 | Usescorrect substitution. May use a
different letter.

_1)? _ NV a1— SN (v — o(v_1\_ M1 | Substitutes and obtains an equation not
(Y-D2+2(y-D+3(y-1)? +1=0=(y-1)*((y-1)+3)=-2(y-1)-1 involving radicals
(y—l)(y+2)2=(—2y+1)2:>(y—1)(y2+4y+4)=4y2—4y+1
OR

(C+3x)2=(-2x*-1)* = x° +2x* +5x* -1=0

(y-1+2(y-2)* +5(y-1)-1=0

Y —y?+4y-5=0 Al | OE
3
2 2 2
() (a2 +1) +(p7+1) +(r2+1) =1-2(4) M1 Uss = ,
a“+p +y =(a+p+y)
—2apf + By + ya).
on their answer for part 2(a).
-7 Al | CAO
2
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CIE A-Level

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

(©) (az +1)3+(,32 +1)3+(72 +1)3 ——7-4+5(3) M1 | Usestheir equation from part 2(a).
4 Al | CAO
Alternative method for question 2(c)
Uses M1

Z(az +l)3 =
(z(a2+1))3_3(z(a2+1))(z(a2+1)(ﬁ2+1))+3((a2+1)(ﬂ2+1)(72+1))

=13 -3x1x4+3x5

Uses their equation from part 2(a) in avalid
formula.

Al

CAO
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CIE A-Level

Further Mathemaics(9231)-P1&P2

28 - (9231/11_Winter_2024_Q3)

CH1 - Roots of polynomial equations

(a) y=x* B1 | Uses correct substitution.
y+ 2y% 1=0=>16y’ = (1 _ y)4 M1 | Substitutes and obtains an equation not
involving radicals.
16y° =1-4y+6y> —4y* +y* M1 | Uses binomial expansion.
yt—20y> +6y2 —4y+1=0 Al | Must be an equation.
at+ gyt et =20 B1
5
(b) a+pf+y+o=-2 Bl
X +2xt —x=0=’ + L+ +8° = —2(20)+(-2) M1 | Multiplies original equation by X and substitutes.
—42 Al
3
(© A+ B+ + 60 =207 - 2(6) M1 | Uses formula for sum of squares. Or alternative
complete method eg another substitution.
388 Al | CAO.
2
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CIE A-Level

Further Mathemaics(9231)-P1&P2

29 - (9231/12_Winter_2024_Q3)

CH1 - Roots of polynomial equations

(@) a2+ﬂ2+72+52:(a+ﬂ+)/+5)2—2(0{ﬂ+0{}/+0{5+ﬂ7+ﬂ5+75) M1 | Substitutes into formula for sum of
squares.
3=2"-2(af+ay+ad+Py+pLS+y5)
af+ay+ad+ Ly +Po+yo =% Al
2
(b) o’ (ﬂ+7+5)+,32 (a+}/+5)+}/2 (a+,6+5)+52 (a+ﬂ+7) M1 Al | Factorises and substitutes.
=a’(2—a)+ [ (2-B)+7* (2-y)+57(2-6)
2(3)-4=2 Al
3
©@0) | 6S,—-128,+3S,+25,+24=0=68,-12(4)+3(3)+2(2)+24=0 M1 | Sums and substitutes.
Al
S, =4 Al
3
©G) | 65 —128, +35,+285, +65, =0 =68, —12(1)+3(4)+2(3) +12=0 M1 | Multiplies equation through by x, sums
and substitutes.
S =28, +58,+35,+5,=0
=8, —2(%)+1(4)+1(3)+2=0
3 Ss=-% Al
2
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

30 - (9231/13_Winter_2024_Q3)

(a) y=x* B1 | Uses correct substitution.
y+ 2y% —1=0=>16y’ = (1 _ y)4 M1 .Substit.utes aqd obtains an equation not
involving radicals.
16y° =1-4y+6y* -4y’ +y* M1 | Uses binomial expansion.
y*—20y> +6y2 —4y+1=0 Al | Must be an equation.
at+ Byt +5t=20 B1
5
(b) a+pf+y+o6=-2 Bl
X +2X —Xx=0=’ + L+ +5° = —2(20)+(-2) M1 | Multiplies original equation by X and substitutes.
42 Al
3
() B+ B+ + 65 =207 - 2(6) M1 | Uses formula for sum of squares. Or alternative
complete method eg another substitution.
388 Al | CAO.
2
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CIE A-Level

31-(9231/21_Winter_2024_Q4)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

(a) -11 1 81 -2 M1 | Multiplies matrix with eigenvector.
0 2 0|1|=|-2
-16 1 13){1 -2
A=-2 Al
2
(b) —11-4 1 8 M1 | Sets determinant equal to zero.
0 -2-1 =0
-16 1 13-4
(-11-2)(-2-2)(13-2)+128(-2-2)=0 Al | Expands determinant, AG.
(-2-2)(2* -24-15)=0
A’ -194-30=0
A=5-3 B1
3
(©) A3 —19A-301=0 B1 | States that A satisfies its characteristic equation.
30A7 =A% —191 M1 | Multiplies through by A™".
-7 -5 16 ! -26 -5 16 MIAL | M1 for substituting A”.
A=l 0 4 0 :>A"=—0 0 -15 0
-32 -5 41 -32 -5 22
4
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CIE A-Level

Further Mathemaics(9231)-P1&P2

32 - (9231/22_Winter_2024_Q4)

CH1 - Roots of polynomial equations

(a) cos66 = Re(cos @ +isin 9)6 =cos® @—15cos” Bsin’ @ +15cos” fsin* @ —sin® @ M1AL | Expands and takes real part.
sin 66 = Im(cos & +isin 6’)6 =6cos’ Bsin @ —20cos’ Gsin’ @+ 6cosPsin’ O M1AL | Takes imaginary part
cot 60 — cos® @ —15cos* @sin® @ +15cos” Osin* @ —sin® @ 8 sin"® @ M1 | Divides numerator and denominator by
6cos’ Osin @ —20cos’ Osin® @ + 6 cosOsin’ 6 sin® @ sin® 6.
cot6<9—COt69_1500t49+1500t29_1 Al | AG
6cot’ @ —20cot® 6+ 6cot &
6
(b) X=cotd, cot6d=1 B1 | Applies identity given in (b).

60 =Lm+kr

M1

Solves cot66 =1

co‘t(2—14 n)

Al

Gives one correct solution.
7.60

cot(% n),cot(%n),cot(% n),cot (;—Z n),cot(%n)

Al

Gives other five solutions.
1.30,0.41,-0.13,-0.77, -2.41

Withhold A1 mark for repeated roots.
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CIE A-Level

33- (9231/23_Winter_2024_Q1)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

1 5 6 M1A1 | Evaluates determinant.
2 2 k 2 k 2
k 2 2= -5 +6 =8-5(8k+6)+6(4k +6)
4 8 -3 8 -3 4
-3 4 8
k1 Al
Three planes intersect at a unique point. Bl
4
34 - (9231/23_Winter_2024_Q4)
(a) —11 1 8Y1 o) M1 | Multiplies matrix with eigenvector.
0 -2 0f1l|=|-2
-16 1 13){1 -2
A==2 Al
2
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CIE A-Level

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

(b)

-11-4 1 8
0 —2-1 0 |=0
-16 1 13-4

M1 | Sets determinant equal to zero.

(-11-2)(=2-2)(13- 1) +128(-2-2)=0
(-2-2)(2* -24-15)=0
A7 =194-30=0

Al | Expands determinant, AG.

A=5-3

Bl

(©)

A’ —19A-301=0

B1 | States that A satisfies its characteristic equation.

30A7 = A2 —19] M1 | Multiplies through by A™.
-7 -5 16 | 26 -5 16 MIAL | M1 for substituting AZ.
A= 0 4 0 :A*E% 0 -15 0
32 -5 4] 32 -5 22
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CIE A-Level

Further Mathemaics(9231)-P1&P2

35-(9231/11_Summer_2025_Q2)

CH1 - Roots of polynomial equations

@) y= W1 B1 | Uses correct substitution.
51 S_ oy M1
(y+D)7+2(y +1) +1=0=2(y+1)’ =~y -2 Substitutes and obtains an equation not
8(y+1)=—(y+ 2)3 —=8y+8=—y®—6y?-12y-8 involving radicals.
y® +6y? +20y +16=0 Al
3
®) | (a* 1) +(8>-1) +(5° -1) =67 —2(20) M1 | Uses
2, p2 2 2
a“+p +y =(a+p+y) -2af+ Py + ).
-4 Al | FT
2
() (as _1)3 4 (ﬂs _1)3 +(7/3 _1)3 — —6(—4) — 20(—6) —16(3) M1 | Uses their equation from (a) or a valid formula
for the sum of cubes.
96 Al
2
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CIE A-Level Further Mathemaics(9231)-P1&P2 CH1 - Roots of polynomial equations

36 - (9231/12_Summer_2025_Q2)

(@) y= W _1 B1 | Uses correct substitution.
e Si1- S_ oy M1
(y+1)+ 2(y+1) *1=0= 2(y+1) =y-2 Substitutes and obtains an equation not
8(y+1) =—(y+2) =8y +8=—-y°*—6y> —12y -8 involving radicals.
v +6y? +20y+16=0 Al
3
(b) (a3 _1)2 +(ﬂ3 _1)2 _'_(7/3 _1)2 — 62 _ 2(20) M1 | Uses
2, p2 .2 2_o
a +f 4y =(a+f+y) - 2af+ Py + 1)
-4 Al | FT
2
(c) (as _1)3 +(ﬁ3 _1)3 4 (ya _1)3 — _6(—4) — 20(—6) —16(3) M1 | Uses their equation from (a) or a valid formula
for the sum of cubes.
96 Al
2
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CIE A-Level

37-(9231/13_Summer_2025_Q3)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

Z((r+a2)2 +(r+ﬂ2)2+(r+y2)2+(r+52)2)

r=1

@ 0=a’+p°+y*+5°+2(7) ML Gges (@+B+y+8) =a+ B2 +7° +5% +
2(af+ay+ad+ By + S+ yo)
o+ +y+6°=-14 Al
2
(b) S,+7S,+3S,+88=0 M1 | Uses given equation.
S, =10 ALFT | FT from (a)
2
(©) (r+a2 )2 2 4202 + o B1 | Expands.
10 M1 | Collects like terms and uses results from parts

(a) and (b).

O, ., Al1FT | FT from (a) and (b) evaluated coefficients.
=>"(4r* - 28r+10)
=1
= 4(%(10 + 1)(2(10) +1)) ~14(10)(10+1) M1 | Applies formulae from MF19.
+10(10)
=100 Al | Evaluated. CAO
5
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CIE A-Level

Further Mathemaics(9231)-P1&P2

38 - (9231/14_Summer_2025_Q4)

CH1 - Roots of polynomial equations

€)) Yij M1 Al | Finds determinant.
1l vy a y a 1 2 2 2
a 1 y|= -a +p =l-a°-p° -y +2a0y
y 1 s 1 By
B
1-a? ==y +2afy=0=a’+ B + > =1+2(1) =3 M1 Al | Sets determinant=0 and uses afy =1, AG.
4
(b) o’ + 2 +y?=b* —2c=3=b*-2c MLIALY Uses o+ 82 477 =(a+ B+7) —2(app+ By + ).
a®+ B +y° =-b(@B)-c(-b)+3=3=-3b+ch+3 *M1 Al | Uses cubic equation or formula for & + 8% +5°.
c=3, b=3 DM1 Al | Solves simultaneous equations. WWW
6
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CIE A-Level

39-(9231/21_Summer_2025_Q1)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

23 =27-27i =27/2¢7"" B1 | Modulus and argument of z* (does not need to be in
exponential form).
7, =3x26g %" M1 Al | Finds one root. Cube root must be taken for M1.
7. =3x 202" 7. —3x 2t " ALFT ALFT | Finds other two roots. FT on modulus. Withhold one
2 e answer mark for omission of i.
5
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CIE A-Level

40 - (9231/23_Summer_2025_Q5)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

(a) (cos56 +isin56) =(c +is)’ M1 | Uses binomial theorem.
cos56 =c’ —10s°c® +5s’c Al
:c5—10(1—cz)03+5(1—c2)2c M1 | Uses s? =1-c?.
=16¢° —20c® +5¢ Al
£g 1 sec’d M1 | Divides simplified numerator and
S = 1605 — 206 +5¢ 5600 denominator by c°.
B sec’d Al | AG.
5sec’ @ —20sec’ 6 +16
6
(b) 5 . ) x> B1 | Relates with equation in part (a). Can be
X = Z(5x* ~20x +16)3m=% implied by M1 mark.
_ _\B B
sec50 =% = c0s50 = M1 | Solves cos50=£.
X = sec(3—10n) Al | Gives one correct solution.
sec(%n),sec(%n),sec(%n),sec(%n) Al | Gives four other solutions. Allow different
values of g as long as all five solutions are
found.
-1.35,-1.15, 1.01, 2.46, 4.81
4
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CIE A-Level

41 -(9231/24_Summer_2025_Q5)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

@) sin70 = Im((c + is)7) M1 | Uses binomial expansion and takes imaginary part.
=—s’ +21c?s® —35¢*s° + 7c’s Al
=—s" + 21(1— 52)35 —35(1— 32)2 s+ 7(1— s? )3 S M1 | Applies ¢® =1-s.
2)\3 6 4 2 Bl : 2)\3 .
(1—5 ) =-5+3s" —3s5°+1 No sight of (1—5 ) fully expanded is BO.
sin70 =—64s’ +112s° —565° +7s Al | AG.
5
(b) x=sin@ sind@=0 sin760=0 M1 | Solves sin76=0 and excludes sind=0. For M1
the roots from sin@=0 must be excluded at some
stage of their working. (This could be implied by
their final answers.)
X =Ssin (%n) Al | One correct root.
sin(—ln), sin(ign), sin(iﬁn) Al | Exactly five other correct roots. Allow different
! ! ! values of q which give these roots. Accept
—sin(%n), isin(%n), isin(%n).
Just listing correct values of g without any
reference of x is M1 SCB1 (2/3).
3
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CIE A-Level

42 - (9231/11_Winter_2025_Q4)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

€Y y=2x+1=x=1(y-1) B1 | Correct substitution used in equation.
) ’ ? _ M1 Al | Expands.
15(Y~1) +5(y=1) +4(y-1) +3(y-1)+1=0 xp
L(y* -4y*+6y* — 4y +1)+3(y* =3y’ +3y —1)+ 1(y* —2y +1)+ 1 (y-1) +1=0
Lyt Ly ly? iy B0y 2y3 1 4y? 42y +11=0 Al | Simplifies, AG.
4
() S, =2"~2(4) M1 | Uses
(a+p+y+8)Y =’ +p*+y* +6°
+2(afp+ay +ad + Py + o + yo)
S,=-4 Al
2
(c) S,—2S,+4S,+2S,+44=0 M1 | Sums over roots.
S,=-76 Al
2

2020-2025

60 of 1076

-WWW.EXAM\NENT.COM

E RLAMINERL




CIE A-Level

43 - (9231/12_Winter_2025_Q2)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

(a) b=—(a+p+y)=-2 Bl
3=(-2)>-2c M1 | Uses formula for sum of squares.
C :% Al
3
(b) S;+bS, +¢S; +3d =0 M1 | Uses original equation or formula for
sum of cubes.
S;=—3b—-2c-3d=5-3d ALFT | Allow FT from part (a) for their value.
S, +bS;+cS, +dS; =0 M1 | Uses original equation.
5+(=2)(5-3d)+ (%)(3) +2d=0=>8d -1=0 ALFT | Allow FT f_rom part (a) for their value
and for their value of S;.
d=21 Al | CAO
16
5
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CIE A-Level

44 - (9231/14_Winter_2025_Q2)

Further Mathemaics(9231)-P1&P2

CH1 - Roots of polynomial equations

€)) a=—d B1 | SOI
M1 .
a+p+—==-b Uses o+ f+y=-b and replaces y with % OE
pri_dob Al | AG.
3
(b) ap1-9 ¢ M1 | Uses a3 + By + ya =C.
,B+1—1_—C Al | AG.
g d
2
(©)(i) 1+3 M1 | Equates expressions given in (a) and (b), with correct
d-3=""=d*-3d-4=0 use of coefficients.
d=4 Al | d =4only for final answer.
2
(c)(ii) a’+ pP+yi=p*-2 ML 2+ B2 +y2 =(a+f+7)*-2(af + By +ya) with
correct use of coefficients.
15 Al
2
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